
Note :
-

I days till exane &Editorsto Pate Differential Equations

*optional choce Question

summary So will leave out details

-apter1 - Introduction If Chapter6

DPs& differential operators : can write a PDE as F(x, . . ., , , 0x
,

4
, ... ) = 0

for some F : /"IRT-> M· x : /,..., n)
,

te is # partial dirmatives
of any order. M s #egns (systems f mc11 . & is me associated
-perential operator .

PDE even reads ((u) = (6)

- PDE -s linear f S is lineor .
Fu,v Jusstions ,

Cette

2 (n +(u) = 2(u) + c2- (v)

- PDE =s homogenous if v = 0 so PDE reads ((n) = 0

-order y DePDD oder histust/possly mixedradeinature 2

② wel posedness well
->PDE problems ? A PDE is posed f itpas a migue
SolutionsBat depends costinously on the data :
-

well posedness =
inte

uniqueness + stability data(pee
-
-hapter2 - First Order Equations

③ InspectEquation ,
inital condition

, caudry problems : Find ult) in +10 ,i)
T (0 ,0)

,
v(,+) is velocity of system . Assume E :-H n/U(40, 0) = #(4) Eac.

-o Esa poutide in te

&horaderistics : Define B(t)F() S. + . E'lt) = v/Bl) , +) with G(0) =
o

Then ↳ a doesn't change& u (3 (t) · +) = ux . Y'(t) + 4) = 4
+

+ vUx = 0 along characterstre

So of E(x) = u(x , 0)
,

u(x,+) = u (g(t) ,
+ ) = u (9(0) , %) = EKO)

Example : v(, +) = x
, Ekco) = so"-2x ·

Den EVP : Six = V (Y(H) , +) = g()
-

So & (t) = x etAs chosateristic constant, 3 (0) = Po S
u(x, +) = u(b(t) , t) = u (b (0)

,
07 = E(x) = x2

- 2xe
t

-terms(inhomogenous transport equation) : a S(
,

t
,
u(,+) now present :

#Gu = S(u)

↑ pplying charaderisties again , u (3(t) , +) = 2
+

4. 3'(t) + Gu = v8 u + 2x4 =...

--
= S(G(t) ,

t, u(g(t), +))
so need to serve an ODE to learn solution. Inital condition s u(G(0) ,

0) = E(po)

Example:US,
u

, 0 = cos(x) .
Y = v(Y(t) , t)

, Y%
-

↑



& u (g(t) , t) = 2
,,

4 - Y'(t) + 2
+

u = - u(b(+)
,+)

s some u(31) . t) = - U(9(t) , t) ,
u(40 , 07 = cs() 00 = G(0)

solution s n(g(t) , t) = coskjet
F

For
any point (0,t),

we have = glt) if so : set so

&4) = coskelet I
Solutions

⑯ on-linearequations :

Try 6) u + v (n)2
,

4 = 0 with v(u) = u .

am stilapply
meda charaderisties

. If characteristies cross,

- u + Gu = 0 with u(,H solution

Run Y'(t) = u (5(t)
, t)

,
310) = Do characteristic depends on u]

u = 2
,

4 . GH) +2 =
0so caserve

Schrieg
-(4)=u(3(0) , 0) = E(X) => G(t) = E(o)t

+3 espis us to by
->
apter 3 - De have Equation

-
characteristies...

&destewords ,
gara solution : We wat to solve an ena

=Ex Y 2 = (2z + (2))2e - c(x)
- -

consider the characteristic coordinates transportear

write v13 , 9) = UK, e) for solution in newBinates. 7
tanport ena

chain rule : Go = EgV + Gr , Gu = <AgV-25,

Again : GxU=

GegV + Gegyr + Ger + Gy v

Oth = EggV-cEyr-cGygu+ dy
U , v Smooth ; -z +

- c 2x4 = 22) - 40
,gu-

&

PDEin new coordinates : (ngV/3 , 7) = 0

Integrate not n
: Ggv /3 , y) = F (3) for some F : M - He

j' = F

Integrate not 3 : v /3 , y) = g(y) + (13) forsome f , gita-> He

General solution (4) = g(x - c + ) + f(x + (t)

his nort?
⑧Intevalue Prebles (Comity Police) ,

D'Alambert's FormaldI
When does

coudry problem for ware equation in Id on 12 is feeding a selution u : +10 ,07-t

S .+
Gtt u(x, t) = c

2 6
,

U(x, t) (x
,
t)tHex 10 , of

u (x
,
0) = E(x)

in ita position
xE H

G
-
u(, 0) = v(c) - inital velocity xe I

Now sehing , we trow u(,t) = g(x-it) + J (x + ct) in secured so...



(

&(x) = uk, 0) = g(x) + f(x) = j'(x) + y'(x) = E'(x)

V(3) = 2-4( , 0) = c'() - cy() => 11) - g'( = +v()}
# yelds j(x) = (E'() + + VKC) , g'(x) = /E'() - v())

x

integrating : J(x) = *E() + + Virid + ( , g( = = x) - -gold - +

g
Note :

f(x) + y(x) = =(x) => C = Cy = 0
. Finally us rearagement-

*d'Alembert's Formula
x + Ct

↳((x + ( +) + g(x - (t) = z)E( + (t) + Exx- c +)) +Evid
thedo you have a smooth solution?EI) , veC'CN2)

& Set vK1 , 7) = E(+ (t)
, Find GetV , GasV ,

and same 200 - = E(x - (H)
so 1st term in solution varishes.

Then use libnitz's wall for 2nd learn &f had iride, ciser

⑨ Primee g-usality : Information propogates w/ finite speed .
Consider on

earlier tene Ye /0 , t)

t -
x- It x+ It t- ·(32, t)

Finite rale' zfor informationE-

=
- propagation

T
7 7

7, 09 S (x- (t , 0) (x + (t
, 0) S

Domaine o infueme
Domain of dependence

What values are later influenced by u(s, + ? values u at 15 +) dependsonly on

for ECt , only why ,E) with
~aley uly , i) for y((x - ((t -5)

,
x + ((t- 4)]

Emmy t(x - c(E - t)
,
x + c(E - t)] The natural energy for have equ

-⑱ preservation of energy :

[C
= Stud Cl : S* (a)a s

Total E (t)= Ep(t) + Ep (t)WE
↑

wave equation Hierte potential

If Ewe its diff meet t
,EU( ,) &f portals setely UK, t)-0 as - ***

andBal p. d
.

total energy Encodertoare
internate not a over Hee as

integrate by ports (ad terr

e

& E'we(t)=+up(d: (Gute-cu))c
-
lates his in "SturzudetSu By pe

his...
-

use Dis



11O Uniqueness w/ an energy method : Assure EEC (IR)
,
VEC'(12) · Then Jusique-

solution ut <"(1x10 ,01) to IVP for Id have equation given by d'lambert's formula.

#Let u"
,
i' be two solutions

.

Set w= u"-y
,
then initel conditions camed &

w satisfies (x,the (1x(0,017 VaEI
- -

& = c &W ,
W(

, 0 = 0
, GwK, 0 =0

Dese are te hypothesis needed for energy preservation ! So

Evelt]= (ww , ti + chwltd constant

But by (* ) Ewelt) = 0 => Evelt) = Ene(o) = 0

so G
+

Wk
, t) =

x
W(

, % = 0 Ea
, t => W constant

. W(
,0 = 0 A U'" : all a

⑫ Instal
domamboundaryvalueproble resealing : Now consider a fite sta

Fix endpoints ato

&tu(, t] = 2"GxU(s , t) (x ,
t) 10 , 1x10 ,01

Dur filet Boundary
Pinte virbatzig conditions

sprieg... u(
, 0) = E(x) xt (0 , 4) 8~ # u(0 , t) = 0-

& u(x
, 0) = v(x) x + (0 , 2)

u(2
, t) = 0 3 + 2 10, 01

Thepotted to get c = 1
, L = i How???

- in practice set this
Iso it worts) asdette & notsetE a serves 1 !

out what is has to
be based ona sealing

2.=)= & u = c G
,

Y

↓

↳ IEn I~ At

&xu =... = (E) G =E = /PE=Wise i

u serves wave equu/
So #) becomes GIE"1 , E = Gru , E) (2 ,

10, Thx 10
, %)

< = /
U

in (5
, 0) = E( 5 + (0 , it) WLOG can set*G , 0=V (0, T) c = 1

,
L = i

⑬
-

ditions: You have · want n : 10 , ior() + 10 , 07-ette / alsoBoundary
endpoints*
wit

man(, x) = 0

Streng can more

Lived u (0, t)= u (L , t)= 0 Freely up& dann

Chatea

string) V + 10
,07 (t + (0,0)1 = i

,
c = /

⑭ separation of variables : consider problem (#1 w/ divipht boundary conditions.-

Assume solution takes from (t)= X(c) TIt) X : 10 ,11)
,

T: 10 , 02 -> He

=> GetU( ,+) = T"(t)X()
, Go,

4(x, 7) = X"(1) T() ,
so
haveeareadaalso-depend on

X"(x) must be constant.T
"

(t)X(x) = X "(x) +(t) == =



↑"(t)-XT() = 0 and X"(x) - +x() = 0 Leigenvalue probles]

cussionof rigessvalve ports acounting for B.
C .: 0 = u10

, +) = X (0) T(t) and
0 = u(n, +) = X(π)T(t) = X(0) = X(π) = 0 are B.

C . multisy by - X & integrate (0,T1) :

0 -X()X(+(d =Y(+E -XIX +Xo
mu·T O

= (x c+)1da + 1/x(1d & on 0 = x( = 0 = n = 0 find

Assum + =0
,

worke t = - Bh
② = 0 = /I'1dx = 0 => X constant x101:0

so nio borbey !

X"(x) + B
2
x(x) = 0

,
T" (t) + BTH = 0 =>

X(x) = (cos(Bx) + psim(Bs)
&3 ↑ (t) = A cos(BE) + BSix (B1)3↓

Boundary conditions : X 10) : 0 = C = 0
, DAO

x(T) = 0 = B = jeN3= X(x) = DSim(jx) jt I

⑯ neal series solution : As uj =... con use linearity I see that

Dirichlet :

u(e
, 0)
=[Aj(j&(Ajcos(jt) + Bjsnjt)) sm(jt)

quo: [Bjjsnjt:
jEN-

Neumann : =&(Ajws(jt) + Bjsmjt)) cosj
former series· ·

Dqueness & Stability for IBVP : Use energy method to establish stability &
uniquenesses

S

Idea is to set me u"-y" then disce its energy by
Eve(t)=few)]+t Per))2d
-showEne (t) = 0

. Red Ewe(t) = Evelo) Souse BC .

-apter4 - Fourier series

⑮-initionof trigonosuticc perproials/series : neN , trigonotice polypronials

of depre In on C, it] one

* Checker (ht( ,
x (-+

, i)

If a to
,

Rose are Fourier series
·

use
cost:

H= n

Suit
nationbetwee real/ complex valued versions : ↓ 3

lan-ibp) 10

%
0+ (ancs(t) + bysm()) =cei Electiblea

90 t= 0

Note: C
-R

: In for ke 3-n, . . ., n3

Given % : ( , it] -> such asP(ei



Den Forrer coppers En == p(Deritrada teezDiI
And we write Su(0)()=ScheineNO3
If is odd

,
P1-H) = - Y(-1) and fourier series is sin series

Sn(d)(x) = 2 : [G(h) S(ss]
k= 1

#I seven ,
01-h = (t)) and forer series is lis series

S
-
(d)(s) = p(0) +2 (H) cost

⑳otality of (4) & formula :Letplaye
i
da2π

I

# Jeit-il&
-π

-

orRogosiality property
so be tourer coefficients minimise ( - end
If split 2 = sox w/ necessary complex conjugates

* fulrequalities :

Besed's inequality : 2 SICM = YIE
-T

Porceval's equality : If hi"10 - Second-

Res(p(1dx =2 l

Riemann-Lebesque : him (t) = im↑ Pe ind = 0
2i

&) E C(( . + , it ], () ↳ 0 ↳- + 2

Run Lower comfitients Equivalently,hi i S1-bd(smltoconverge to zero
- T It

⑫ Dirichlet Resea Pointwise convergence : We and do sore obseted to see Bot
-

S (9)()=...Edzdz so DEFINI

~
lit periode

kemel↳10) eitoosDt
a

and Su(0)(2) = H(x - z)4(z)dz soaand say g
↓ EC'IIR) periodic $(x+ Zitmi = #(2) Dur



Sn((((-> P(x) Fact (- it, it]

Loo: use dividelt tood & These sol substitutions of then verside

6)(x) - Sn(q)(x) = ... duse Riveran lbesque hard for I term of men

get failure for 0 : 0 so use 1-Hoptal's all to show function stid
continuous &

opy
P. 1 . again.

3
-efficients on uniform conversence : Assume ECCI)

,
24 permodeDecay

Se IN
, for to , have
1

#ECII'S where C = Sup 14 " (a) = 114"'40
xE(-i

, i]
deaz of welfies

Proofi-> repeated integrations by parts 1914)/: place
in doe-

Boundary terres disappear : periodicity .

&op : ut DEC (H) In perodie, then Suld) -0 as n -> o

# Note [liche = [1814) = < [ii = 0

HEL MEX He

so S
,
(4) is absolutely conversent. To what value ?

1 p(x) - Su($(()) = 1Eit-in
= It

n-8

=So
n +8

so Sup 14(3)-Suld)-> O Tuniform convergence]
xE(π,i]

a corn convergen of (j) <Ijk * P()=Link P
It

is

&Sup-pu =SupeE
As rc 1

, 3013
n coming=> conversent (top)

niltelm a = 14km

③ dication to have equation : If EC"CR) VEC"(ND) Ron

u(, +] = &(AncosCht) + By Si(tet))siz (tex) solres·
↳EIN

&(u(x ,
t) = 0xxu(x , t) (x

, t) (0
, i) + 10

,01
u(x, 0) = E(x) xe (0 , i)

G u(x
, 07 = V(x) x (0 , i)

u(0 ,
t) = 0

t + (0
, 0)

u(π ,+) = 0
t + 10

, 0)

· AJar As & use results...seriesare

Br= (4)



tapter3 - The Heat Equation
hornosseous

⑳ IBVP /r Dirichlet BC : IBVP for heat equation in Id / inhomogenous
-

Dirichlet BC is finding U : 10 , 17 x 10 ,
01-> 1 S . t .

G
+

u(x
,

+) = kG
,xU(x , t) (x

, t) t (0
, 2 x 10 , 0)

u(x
, 0) = E(x) xe (0 , ]

u(0
, +) =

g o (t) + t (0 , 0)

u(l
, t) = g , (t) t e [0 , 0)

Not: 0 , go , % , satisfy compatability conditions : go(% E(0)
, g .

10) : (2)

-isa strong butna

weate
to port ...

⑫ space trae splender, parabolic boundary, maxiomo principle : we desire De
-

space time rectangle (upleader for do 1) by = T
,+

V
, +

= &(x, t)(x(0 , 2)
,

te (0 , + ]3 = (0, 4x(0 ,T]
t -

= V
,+ ② (0 ,T)

T &

De parabolis bonsdaya
-E

↑
,i

= &(x , +)
,
+1 x 50 , 13 or + = 03 -

#hm(Maximum Principle: If u (([ti) serves

me heat equation ,
ben me craxiono & minimise ' >↳

D&,to)

x+T
,T

of a are attained on De parabolic bounding : who cores ?
say C = it

,
k = 1

-

max u(x
, +) = max u( , +) go = g. = 0

,
(x) = Sin (2x)

(x, t)EV
,i

(S ,t) c
,T

Thea (n( ,+)) = max/E(x)) = 1

hi U(xt in!

(x, +E M
, +

Y (2 ,t) wideoutowing section,a b
show by + 1

s Proof of motions principe / peturbations orgusiest : Only doIst assection
,

IndRISE-

Deline M = max UK, t) .
Wis U

, + = M FI,+E V
,+ .

Delice for ECO

(x,t)ENL
,i #= u(x, t) + Ex = 0

-

can show diffusion inequality : GV - REV = 0
+

U - 187 - 2E =0

Now we get two contradictions :

no
⑪ Suppose (4

, to) EV
,
T ,

to - T is a maximu of
v

.
Dun (A-level knowledge]

&interior I↳native &einate testmaximum

& UK , to) = 0
, Go Vo, to) = 0 = G vit)- HWV,+), 0 : to

⑤ Suppose (
, T)

,
+10

, 1) a maximum .
Then v(Po

,
<, Vo

,
T- 5) So

Brida I & u(do
, T) =

Lis v (c0
,
i) - v(o

,
T- S)

-St/0,T]
maximum - 30

S- 0 S
2nd derivative test-

we still have GV0 ,
T) = 0 20 GV-Kv0- to

But It is bbdd closedI compact& es so necessarily has a marises on Th

max
->

v(x
, +) = max v(

, +) =
max (u( , ++ zx2) = M + &

:
Se

(x, +SEVL
,+

(x, t)E TT (x,+ ) + 42
,i

u(x,t) = v(x, t) - Ex =
max

E
VIE) -Ex = m + 2((2- x2) Este Ve

,i

E orbibody 20 u(+ ) = M + (, 4) + Vc,
T



-

2 Using
.

maximumprincipaforunnes subletua
mat Iu"-u'"lE max may-E,-y , ge(3), t)EVc

,T

If bousidary data all agree,
thes solution unique .

# just apply maximum principe Don add absolute value sepes .
We ton about

te boundaryso just based it here on each sidey te rectangle.

⑳ Pw/ inhomogenous Neumann condition : De IBVP for the heat equation in

Id with inhomogenous Neumann BC is finding u : 10 , 1)x10 ,01 --R S .
t.

--t - 2 u(x, t) = MGxY(x , t) (x, +) 10 , 1) +10 , 0) + betoviour

ho - In u(x
, 0) = E(x) x [0,]

inside---> - C 2. u(0, +) = ho(t)
- + (0

, 0)

Tr 2u(t , t) = h
, (t) + (0 ,%)-

> with E
, 60 , be smooth s . t . hold =E

,
4

,
10 : E'(l)

⑪Faydray , Uniqueness & stability with Energy method : The natural energy
for heat equ is

#Hint)=
Stur ,

tit

Tosnow uniqueness ,
u"

,
use some

2 w = Jaxh used w = u- i)

Then caculate :
w(x, 0) = 0

, 7. and Standard
L differentall

2.w(0
,
t) = 0

ares .

The
,
w

(t)
=jw2 was=How da 2,w(L, t) = 0

-

L integrate

Sav = suns-fur = - RGWw+(2 , +)8
,

w( , t) - Hw(0 , +(2
,,

(0
,4)

-u = 2x4 v = W
= 0 = O

=Du = Y Se EHE
,
u(t) only=

- t]16mydo = o-decreases in tiene
bigger at start

Dan end

niqueness:

WEd = El e
-2 by EEroU = unique

#(x) = u(x
, 0)

ability: Discent I') i = 1
.

2 bonsdony data
.

Still have
energy deay so

L

↓ z(u" - u())2da = Ene
,
ult) = EHE

,
w(0) = JE)E" - E)

"

da

men
solution stadds in mean squares sense not united

data
.

⑮ SuperpositionPrincipal : write u = u'B) + u
(I)

-> U
.

Solve with u(0, +7 = golt)
u --

Set h : /, 13 -1 Sot . h10) = 0
, hil : 1

. boundary initel horogbos u((
,

t)=

g , (t)

Des u()(x
, +) = g ,

(t) + (g ,
(t) - yo(t))h(x) has up(0

,
1) = go(t) ,

u*
(, +)= g((t)

Set u(* )
(x, t) = F(x) - u(B)(x

, 0) & use compatability conditions

=> or satches Gew-re = flast) 2f masty in less of go , g , ele]

Need to understand this...

⑮base'sprincipal for intromossions PDE : Now Lind w : (0 , 2) x 10 ,0-> He S.
t-

(x, t)e (0, 2) +10 ,8) HARD so
-

+
w(x

, +) = RExxW( , t)+E-
GIVEN sW(x

, 0) = 0
·

w(0 , t) = w/( , t) = 0 # displace byt
xE (0 , 2] +[0 ,a)



-The startIdea: solve following problems fassily ↓/ pordruler 0
points in

Find v = (0 . 2) = (5
, 0)-> H s . t . time

2
t

v (x
, t) = k(xxV(x , t) (x

, t)t (0 , 1) x (5
, 0)

v(x
, i) = f(x , 5) x- (0 , 2) Listsay along

v(0 , t) = 0 xt(t
,%)(

x = 2
,

0)] ToalateentGood idea becausee... ~ (L
, t) = 0

tmcenteres
: Let ve

mohowpramit isw(x, t]

=f v(x , t
, z)d+

selves our intromogenious proble (**)

# substitute into 2,w - RExxN = .. . = f(x, t)

Example : Solve G + -ExW : +sim13x) · (x, +) (0
,+) + 10

,0)
W(0

, t) = W(
, t) = 0 ,

W(, 07 = O
, L= i

,
teil

STEP1 : Reformulate into displaced ↑ problem
STEP2 : Apply Duhamel

.

sital condition
-

↓
⑮spea-variables for homogenous PDE

, horogenous B)
, intrososerious IC :

W106 Set t = 0
,

Els) = J( ,5) & solve similarly to have equation & get a

series· Find v : 10
, 1) + 10, 01-+ +C S. t .

G v (x ,+) = (0xV(x , t) (x, t) e (0 , 2)x(0 ,8)

Tv(x
, 0) = & (x) + 10 , 2) intermogenous inital condition

v(0 , t) = O + 10
, 07 Jhorogenous BC

~ ((, +) = 0 t + (0 , %)

Separate : v(x
, t) = X(x] [It) ,

sub in
,

seive ·

lexactly same as process for name equation) &
Fourier Seriess ...

Gets #(x) = J(x , 5) = v(
, 0) = &Djs(B Isee notes for details ...)

S
->

less for one Heat Equation : Only on real live / ferer initalcameby
conditions

I

Et L'IT2)
audy of G

+
u(x

, +) = kGxU(x, t) & I has8#+ 1x 10
,0

IV P to u(x
, 0) = E(x) x E I compact

heat equation support

⑮DDistribution & Heaviside praction :
H(s)

S : (i)-> R
&

# #30S(M) = Y(0) (4t Co(I) x = 0 -

delta distributions Heaviside Step function

-Divationof te fundamental solution :

very long doubt it's coars up-

#torinstayanneia of t

Reallyisa
libratzs
Sull
- 1



property Wave Equation-eatEquation
Propogation infixate .

Positive finite - principal of causalityspeed
everytire

Steps no encoded in inital values

& transportsrm]

Not week

u(x, +) & UK
, - t) both solutions

-

maximum Garde net true=in
Sa

principle

-

persists

Energy Preserves toed energy
as ->&

-

ept G place's Equations

⑮ und order PDEs :dossfrationy

PDE [
, j()(x

, xj4(b) + 1. 0 . t = 0 will syprctice coefficient watit
=

i ,j =
lower order

-

S termsA(x) = 19i
,jx):g = 1

·relevant

nase eigenvalues of A(x)
elipte = all I-

hypertorie = + &-#->Yang ana

p
parabolic = o &

parabolic One is zero
, rest have sacad sig

when is this PDE elipts/hyperic/parabolic ?
have equations

625a
,
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