
Reg

en ↳GausdBee
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Gaomp (6, A) is a settogeer of a binary operation#:6xe
Such bet

① g,h6 =g+hc6 /closure]
& (g*h) +k =g+(h+t) Fg,h,kec (associativity]
③ JeeG st. gre= erg:grgt6 <identify]
④Fg =0 bg S.t.gg:g*g =e [inverse]

If 6 isabelian, then we also require
⑤ gah =hag kg,h= 6 Icomenticity]

Garyproperties of a groep 0:
· correlationlaw PJ: gh =gk = -..

=h =te
-

unique dentity of inverse It:similar
· (gh)=hg- 1

fo:just consider (hg")(gh) & associativity
B Dederga Group):16) is # ellements in 6.

--of an element): g = 0. (g) is by fastinteger nso s.t.g" =1.

If a doesn't exist, 1y1=2.

⑤dieGroup): 6 cycle if by6 sit. WhEG DRE s.t.gt=h.
g s a generator of G.

6
#oneorphism):0:6-> H is a bijectionfrom group 6 to H
such that4(y,y2) =4(g,)0(yz) Fg,, y, 6. GEH if a exists.
:O(1):1, and 0(g):p(y)- tg =G ~useal to show two

groups at isnotice
&-preserved wider somorphism):0:6-H isomorphism, then

1g1 =14(y)) Fgc G (H has 4ellents order 2, then 5 should of
:If 191 =n (finite), 4(y)* =0(qr) =0((r) =(n =) (PCg)) =n could

finiteL letm=14(g)1, men 4(ym) =0(y(m =(, =P((a) =gm =1a =(g(=m
be multiple

Here 14(g) =191 =(y(y)) =>10(9) =(y)
todistinct for GEX,4 bijection so 4Cy4): p(gst distinctinfinite) Ettec"so int= a

⑧ AmmetricGroup): X a set, Syn (1): 3 permutationson X3= 5 bijections x->x}
a cycle (a,

..., ar) is a permutation4 (Sym() s.t. 0(4:) =9i+1,4(ar) =a,,d(b) =b

i be X159,..., a.3.
Note: If 1A1=IX), men syn (1) = syea(X)-

⑦edralGroup):Dn= E sometics of an n-sided person in the plane
let b a reflection, then we see that

6:aorotationbyb's oft
*
:ba: a""b: a"b, bak: ab,a=1, b* =1

-



↳-subgroups

⑩group):HCG is a subgroup of it forms a group under the

Selene operation as 6. write H=6. R:In=10

④subgroupcriterion):H =6 if
(i) h,, hz H =h, h2 H [closure]
(ii) heH =h"= H (inverse]
: 315 isthe trial subgroup, t isalso a suberoup.
Proper subgroup - excludes 6, non-trivial subgroup

- excludes 13

⑫ transposition):18 6:SynCA), Den every persentationo can be

written as a product of disjoint cycles. A tearsposition is a cycle of
bearth 2. So

any persontationand be written as a productof
banspositions. Apercentationis even d odd if productof even or oddl
#of tearspositions. Ican'tbe ben even & odil]
=>An= 30t Sy(a):a even

⑬teredI subous):Goutsure6 6 HMEe

⑭Asets):Let g=G, left cost yH=39h:h = H3, serene for rightcost.

Dericalcost criterion): Followiscy equivalentfor g, 160his 5 G g H (ii) gH= tH (iii) gte G G
->

so costs partition
6 up

%-sequal or disjoint): Two left costs y, H, g2t equal or disjoint.
&If g,H1y2H +4 = 5K sit. Re g,HMyzH => g,H =kH=y,H

⑫-setshome seen sizes:If I finite, thenall left cosels have size IHI.
&Asgh,-ghz => h, = hz, Ren 0:H-> gH w/pCh) =gh is a

bijectionso result.

⑱ Indexof Hin 6):A distinctleft costs. His is 16:H].

⑲ mbedege'sthrul:6 a finite group, if a subgroup. Then
IH1)161 or equivalently, 161:(H1. [0: H]

"orderadividesorder ofsubgroup
-

⑳dingelement divides order of groups:6 finite, when fat in

#:Let ly1=n, g4) = 23 isa subroup of H. gt all distinct
so IHIn, Pecos 161=n.(6:H] so n1161 by lagange.

④rnalsubgroup):we say HEG or HIG if left & right costs
are equal by c6, gH: Hy by G.

3 t2=>Hmovnal):HE6 with (6:H]=2=> A normal. HEG.

:If (6:H]= 2, only two distinctcosts, so as rosets partition6, May
are it and 61H. Sevens for right corsets so for g(6, if yet -> gH

=Hy
=H

and if y4H=> gH
=

Hg =GH. Eier way Hy:gH=H noconal subgroup.



2 idea is commutiity

-

for HE6 mesall:A normal in 6

werehe
i

-
- classificationof groups

⑭Arest Product):6 +H =3(y,h):g=0,h =H3w/(g,,h,)(g2,hz)=...
5 bli 4

③droupof order 4 doss freation):G = Cy or b =cx,
gou

&:Lt 6 =51, a, b, c3. By Lagrace, 191:32,43 (can'tbe 1 as

Batelement is uniques. If Ia1:4, when G =E1,a,a,a] socydie.
Oberwise (a1:(b): (c1=2. consider ab. cases:

- a b =1 =>b =a=a, but1a1=2
- ab =b I a =1 I

so ab =c. Similarly
ba =c =a =bc

- a b =a - b =1 & wie multiplicationtable (i)
Hence loss ifration.

⑯
-
rup has price order pin cyclis):161: p price. Then GE (p.
1:Letg+1c 6, 191/p=1g1=p => 1, g, g, . . ., gp distinctso cydie,

--all of order two pen abelian):6 groupsit. g2:I ryc6- Gabeliar.
8.g2 =1h2=1gb = 6 =(qn)2=1 =) ghgh=ggb4- hgibg.

ordertwo forces subgroups:6 group sit. 2:1 kg=6, ts a, b direct
non identity, then 31, a, b, ab3 subgroup of 6 of order 4.

&ab +b,ab +a,ab+11:az) =a =bx =)(51,a,b,ab3):4

strow subgroup:(i) Hosure:borrow I:a* =b2, ab:/so e.g blab):bab =b

(ii) inverse:g2 =1 =) y =g"ty = 6 so closed.

⑳er6 classification):If 161=6, men 646 or GED,S3)
4:By Lassage, 1g):51, 2, 3, 63. If 191:6 =) GEC6 so assume no 191:6.
8If all elements order 1 or 2, Dee 6 has order 4 subgroup, contradite
lagrange. I theremust be an order 3 element. proppartition

in two

② If 1a1 = 3, Ben N =51, a, 923 has index 2 in 6 => norualsubgroup.
Picts be GIN, Ren G =31, a, a, b, ad, a*b3

⑤Whatcan be be?
= 'a
- b2 =abbiaeNEat=a2, bs: and all nor 1-161=0- b2 =a
- b2 =az =) .. . =)(b)=6X
=>b2:1 (onty hors to avoid contradiction]

④What canbab" be? (N's normal so bab" (N]
- bab= 1 =) a =1
- bab" =a =ba =ab =(ab)2 =ab2 =a,(ad) =b,(ab)" =a,(ab) =ab,(qb)=1
=>bab": a z = ba:ab =) complete multiplicationtabled GEDs ·

⑳ Aerators/words):5g, ..., g-3cG generate of every element in 6

can be obtainedby repeated multiplicationby g;
and inverses. (Apression is

a word in Be generations of their inverses. If you will down enough
relations between words

can classify groups
upto isomorphism.



⑪eratorsfor Dr):161:In, generated by a, b satisfying a"=1,
b2 = 1, ba:ab, then6= Dn

⑪:mess around my relations,

⑪aeratorfor (nx(m):161:an generated by a.b satisfying a"= 1,

b"=1,ab =ba. DenGE(nx<m
~ quaternion groupC

⑬aeratorsfor Q8):Let 6 be 101=8, generated by a, b satisfying
a = 1, b2 =a,ba:ab. Den 6EG8 Enicompetee

where vice the saw it

⑬fillyorder 8):161:8, men a somorphic to one of 18,
(4xz, 2 x2 x2,D4,G8
#:similar to order 6 case but Sisomorphism classes, not two

↳rauseorimmenmanbesendaningenre,
men scorere

QuotientGroup/ Factor Group of 6 by N.
-

Baforms a group):LetN be a normal subgroup o 0. Then6/N
sset of left costs of or) foxes a group under multiplication of sets.

:Isaw Det (gN)ChN):gUN so have closure.

& assossiatuity follows from associativity of 6.
8 IIN)gN) =lyN =gN

=(yN)(IN) ry = 6 so IN is identity.
④ (y"N)(gN) =(yg") N =IN, gN is Reinverse to gN for each cost i

I#ultcosels:sizey quotient group 6/N
Note,
-

6 mile - 16/N) =(6: NT = 161/ IN). so if a exists can splitup CIs
a

3 momorphisms):Letc, H be ascoups. Ahomomosism a from
6 t0 H is a map 4:6

-> H sit. 4(gh) =4(g)4(h) rg, hec
- injective homomorphism (monomorphism) has (g):0(h) => g:h
- surjective >I

Iepinorphismn) has Im(0):H
- Isomorphism is a bijective homomorphism.
:(10) =14 & 4(g) =4(g)"Fgcc.-

⑲dya homomopism):(er(4):3y=a:0(y) =(n3

⑩Rictiveif her(4):3103):0:6 -H a homomorphism.
&,10 ter(0). Asoinjective -> For 4):3103.

suppose fee (4)
=3103. Pid g,,82=0n/4(y,) =0(yc)

then(n =4(g.)" 4(y)) =4(y,'92) = 9,92:( =

g, =yz

⑪Inormal anaturalinosinehopemodels denormal ene
(iil Let NIG, Den it: 0 ->G/N delinedby it (y) =gN is a homomorphism
with kernel N.



:(i) Iseter(4) so non-empty. Picks 9,92 for (4). Note that

0 (9,92) =4(y,) 4(g)) =(n n =1n = I,g,
C teer (1) (closere]

&(g,") =0(g,)=1=1H I g,t her (1) (inverse]
If gcG, b = fer (9), Ron P(ybg") =4(y)0(t)4(g)" =

14
so gbg"(ter(0) So lead) normed.

(ii) For a, bc6, T(ab):abN=(aNKbN)=T(a) T(b) so i=6 -> 6/N
is a homomorphism. Take NG 6/N, Ren xN= T(s) so i surjective
#(g) =16N E) gN= 1cN E) gEN So for H)=N

Buya homomorism is a subgroup):0:6-H homomorphism, then
im 10) is a subgroup.

⑬ Isomorphismtheorem):Let4:6 -> H be a homomorphism,
then 0/her(0) =in10). Precisely, Jisomorphism :6/ter(y) -> im (0)
desised by (g)

=4(g) vgc6 (k =ner()]

Handpediaheli Dems we definedattheearly haveare
need -(g) =G(h)

⑭ecose,somorphismNeasen): 6 soup, Ha sebsoup, toneed subin

of 0 (AB =

SablacA, beB3]
ii) Hrste is a normal subgroup of H

(ii) H/(H1) = HK/A

Isomorphismtheorem):LetICH =6 where to, H mound
subgroups of 6:
(i) It is a normal subgroup of H
liil HIA is a noosealsubscoup of olk

-it)/(H)bin ourad,andmeet be
a vector)

-Aactionof a group on a set):Let 6 be a group, a a set. An action

of 6 on x is a map.:oxx-> Xsuch mat

- Al:1j. =x Fact X useful toset up a
Locoorphisen- A2:(gh).x =g.(h-x) tg,hz6,xEX ~to use in 1st:sotam

C

Meetsout, Danes a homomorphism between 6 and syn (x)): Let
be an action of the group 6 on the set X. For ye G, define (cy):x-> X

by 4(g)(x) =g.x. Den4(g)Sym(x) and 0:0 -> sym(A) is a

howorrphism.

⑱ofan action); the kernel of an action of wonx
is a

1:ter (0)) where 0: 6 -> syrnCA) for
.:oxx- X

k =5g+6(y-x =xvx+3
An action is faithful i k: 313



Beagroup is somorphic toa permutation group):6 =H (Sym(X)
:For a faitssful actions, 1:6 -> sym() is a homomorphism and
I =513, se by 1st isomorphism than, 6EG/= in(0) =sym(x)
Because 0:G -> syen() so im11) <SyenCA) and 1:1 so 6 = 6lle

1

Six& cycle through 6 -

⑤io6onx): let be an action of Garoup on x set. Then

6.x =0rbj(x) =4ytX:]y=6s.1.g.x =y3 =3g.x:g- 63X
Note:Delicerelation my () Jy+0s.t. g.x= y, Ren the equinatarc
classes of a one one orbits of 6 on X
An actionis todositive if ithas only a single orbit.

⑪iserof
a in6):Let o act on X, ex, then one stabileDey

I subset of GRt

=Staby(x) =3g +6:g.x
=x}a6 leaves a fixed.

bitseris a subroup):Let 6 act on X, sax, Don
(i) Staby(x) subercoup of 6
iii) a staby(s) is the ternal of action 6 on 7.

Pf: ezex

⑮Stabilisertheorem):Lett be a finite group actionon X. Let
xex. Then101:(orby()/+(Staby(x)/
roof:let

/
y zOrbs(), ten by 26 S.t. g.x =y. SetH:Staby()

For
g =6

g!.x =y() g.x =y -x() yg-x
=x)ygcHE) gcgH

thenge 0 2.t. g'.xiy are elements in the cost of H, butwe brou

IH1=1gH) So tycOrbalse), there are IHI dements 'E O with

g.siy so total #yEOrb6(ss) is 101/1H), heave result,
conjugation
-

Arugation/Untraliser):Actionof G on X =b,g.x =gxg,x,g=6
⑰orbits (Conjugancy classes of 6). Stabiliser for conjugation?Centraliser

Centralse

orbit
X((a(y) = (xyx"(x 63

8- -(y(y) =(x + 6/xy =gx3
&y +6 Elements of casus conjugerly dass

are 'conjugale". g, ht G conjugate De 6s f0 s.f.x.g:g() sgx" =g
if zx=6s.t. G:xqns line is that commute with y]
Iconjugate elements here serene order] So a Bat

⑤ Hernel is the center y 6,z(6) =3x =6:xg
=

gx kgz63 commuter all 6

:orbit-stabilisethan gives ((((y)) =10)/(<o(g))

⑮lassesinsymmetricbee, conjugate full of of Xacteet
· cycle type 2iy's ... for a permutationof it has is cycles of benes; for is2.
· Two permutationsare conjugate if they have the sorce use type.
E.g.S, has 3 cycle types (1, 2, 3'3,s" has 5 (1,2', 2", 3',4']

⑯ conlassesin AhernatingGroups:Let0=S, H= An. Thenwe have

C(y(h) =((a(h) or (C(,(h)) =21C(y(n))



#:orbit stab:(C(,(h))./(y(h))=1Sn) =2 1An =21C ,, (31.1C, (h)) & lagreage.

obviously left& rightple:calculate conjugacy classes in As... cosets equalhere...???

↑
W

⑰ relating
to

seeps
growsuberoups one and her

e.g. cyclic groups of price order one simple. (suberrous are only order (or p]
· Asimple aboliesgroup is usilie of price order.

to generate my different cases.

· It quesormal in 6 E) It is a unionof conjugary classes of
G

·3:HIGS ghyc H ge G,heH. Butthisexactly
H=6 E) h =H =c(y (h) cH so result.

· Loup As is simple
1:use above & into about conjugary classes.

·(converse to lagrange) (H)/16) butdoes O have subgroups of all orders that:16?
No. Ashas no subroup of order 6. (Ay= 12

I:Order 6 suberoup has index 2 so normal.I union of conjugary classes.
cycle or difersal so has an order 2 element. Listthey from onorder 4 subrou

contradictioly lagrose.
n is longestpowerof prese
phat divides 101 so on

is not divisible by p.

ormissedinremainenemiesrangemammaronthe
e

can show 20)atleasttoanabusesonFactions
& Iskyp(6)) divides on:161/(P1

·If Doves only oa sylor p-subrcoup, win its a moral subscoup of a
#Sppse /Slyp(0)):1 and P is the unique p-subgroup. Ben Fg+ 6

gPgcStyp(b) => gPg = p =PEG.
· Example:There's no simple groups of order 24.
:Assume contrary, letto be a simple group of order 2.3
ITake p =2, Dow 0 has sylor 2-subgroups r2 =I Syl, (6) 1
Ten r2= 1 (od 2), 22 divides =3 = 2 =31,33
⑰If 2 =1, then unique subgroup so normal, contradition to to simple.
⑱ If 2 = 3, 0 acts on X =Sty,/6) be conjugation. So I non-trwied
homomorphism b:0 -> syrn(X). I1= 3 so syen(X)= S, so

0:6- S. 213 Fim(0) =S3 so Kim(0) =6.

First isomorphism im:im (0) = 0(kerCP) => (her (0)1 =24:4
so 4 =Her(0) =24 so lier(0) proper non-trivialmoral suberoup
of 6 contradictionto simple.

- -



-Ringin
-6-Rings & subriness

⑭

Ring):A rag is a setr together w/ two binary operations:Rxee
rate! No multiplicative inverse ...
-

R1- (R,t) is an aboliorgroup W /additive groups
R2 - (ab)c =a(bc) va,b,c =R cassosatwe multiplication)
R3 - (a +b)c =ac +bc,a(b +c) =ab +ac Fa,b.czR (distbutwity)
R4-J1= 1RGR sit, (a =a1 =a kaeR I multiplicative identify)
[RS - ab =ba va,beRI (commutatiity)
-

fora commutative ring
⑳bring): SR is a sabring if it forms a ring under sons operationsas R

m/ serene dentify element. Best way
to prove something- S is a subling of R f sarely is to show itis

⑨ S a subgroup of (R,+) (additionsubgroup]
a subriety of a brown

b a,d,tS = a,qztS I multiplicative closure]
ricy...

⑤ In 6 S (multiplicative identity]
Note:intersectionsof salings are subrings.

Bysomorphism):0:R-S between two ries R&S is an isomorphism I
(i) o bijection Note: a.0: 0.4 =0

-

(ii)((r, +(z) =0(r,) +0(52) Fr,,rz R (1).a =a.(- 1) =- a

(iii) ((r,r2) =0(r,)0(rz) ur,,r2 R
multiplications identify unique

If 1 =0 =7R =303
Here R and S one isomorphic, write RES. ordered pair i/
&

:0(OR) =0S, 4(12):1s. obviouspairwise +d.

↑
⑫ectproduct):If R & S, two rises, Do RxS:3Yr,s): rt R, ses
6mizu/chineseRemainder): Dingskm- In and Dam and isomorphic

if ndi coprience. (y,d(n,m):1).

⑪
: 'E'let (x)m be residue of a

mod m. Set0:mn-kmin by
&(x) =((x)m, ()n) & show isomorphism.

=>If nip,"....pp*is a decompo a into distinct prices, when

In =p,,X... p

④egraldomains/ Fields):
· zero divisors:a+R1903 is a zero divisor i Jb=R1303 s.1.ab= 0 or baro.
· units:at RISOS is a unit i 3b=R1503 sit, ab= ba=1· A ring R is an integraldomain/domain truosided inverse
a R is commutative Eacondation ab =ac =)a(b - c) =0 =b=c

⑥ R non-zero
low here:

aF0

⑦ R has no zero divisors. (If ab:0 -> a =0or b =0]
·Units of R form a group R*under multiplication.
· Adivision ring is a ring R s.1.R7503 foces a group as multiplication
· Afield is a commutative division ring.
:every field is an integral domain. Two non-zero divisors]

suppose we have a non-zero divisor. Thenab:0 with abt0

But field so have a"&b". Den b:0 x.
· Da ring, the characteristic is smallestneN s.f. nx=0 FCER. If non, chor:o



⑮ oats
3x,xz - zx,x(x,,x]

R intersal disparin => RKC] is

* R integral detain -units y
R & BI] match. or r =0

· Polpionial divisionmy remainder:J:gg + r n/ deg (r=deg (g)·RemainstMr:J =f(x) = F(x],at F, f(a) =0()(x- a))f(x)/
russal

· Pomerosal of degree of has at most a roots.

topoore
J

-

F a field, men any finite subgroup of F* (multicative] is cyclic
divisibility :contradition, assures 6 finite subop Itnotcydis. By aboliorup cassifica
A

get
6 =Cn,t...Cam m/niInal...am N=161=n,nz...Am. me asa

=0
↳t n=hm, then piete (x,,...,xm)c(,x...xCam. Then

(x , , . . ., cm)" =(x,,...,am) =(1,...,1) =gr =1 kgz6Piet f(x) =x"- 1G F(x]. Den NCn elements a GE s.tf(a) =0
so more roots then deques

· p price, when 4p1303 is cyclic of order p-1/multiplicative gpb
-

--Ideals & Quotient Rings (similar to groups!]

⑯ Hosomorphism): R, S rings. 1:R- S is a

ricay
homo f

(i)0(r, + (z) =0(r,) +0(rz) Ur,, r2R
(ii) q(r,r2) =0(r.) 0 (r2) ↓r,, rz R

somorphism I also
bijective(iii) o((r)=1s difices as terrel
E

⑤ernelof image): Iadditive groups why? ret,
~ E R,

im(4) =50(r): rE R3 tor(0) =3vER:q(r) =0,3p(xr) =
G(x)G(r) =0
-im (1) subrig of S Her(0) is an ideal in R

So rek
=>I ideal.⑱ deal):ICR is an ideal j 1r =IE) I:Rvosue(i) Isubsp of (R,+) -I I ideals Isubrings(ii) Uxc ER, y =I, xy =I,yx I

Note:
- (9) =3ra: rER3 is the principal ideal generated by a

⑰ thetRings):thecosts y an idealfor a ring under addition
in the quotient group. (ideals of rings one our new normal subgres)
and multification (I +a))I +b):I+ab

E.g. quotient riny 1/(n)= In. Fsomossism 4: 4n-4/(n)
is m+m+(n)

⑳myhomomorphism):the map it: R ->R/I, H(a):a +1 is a

surjectivering homomorphism w/ turned her (H):I.

-soBun for rises):Let 4: R-s be a ring homomorphism w/

-.Men(0)
=

R/Ing is an integral domaina zero inre
Recall that the principal ideals are cal:a R for a r fired.

⑫ncipalIdeal Domain):Domain R is a PID's every idealof R is principal.
PFD= "every ideal is generated by a sides element.



gerated by 7
element.⑬hm:Foreveryfield personterungchatprincee~

smcel as possible
so pict q( F(x))303. w I =(y) (the idealis principal]

Ii8tbydf(8
=

55816=k1x33an ideato getthebeen the
If r +0 = r =f - gqt l.degir-dey(y) I too choice.

50 r =0 =f:gqe(y) SoIC(y) = I =(y) principal.

⑭Entityin integral domains:(Generalising divisibility in K
. C,yGR, caly of y =ux for some ER.

(0)
· Followincy equivalent: ene-
- x(y I Mine 316 & E3, 6, 9, 12. ...3) 56, 12, 18....3
- y((x)
- (x))(y)

· , y
ER. s.y associale (x<vy) i xly & ykc.

· Following equivalent:
-

xny
- (y) =(x)

·enginethanalessthe(ii) i z t R, x12, y1z = 112

Lean(s,y), ycd(x,y) Afist
Ux,yR & Jr, SER s.4. rx+sy=ged(x,y)

⑮wichte
deletes: Two different ways to definea parae

rER1303 is irreducible if*Enmanintere(i) is not a unit

(ii) i r
=ab, a, bt I

↓
either a or b is unit

idorausiedtheen EmmaPides Tree.

#
Let be price I) I not unit

un it.SinnFireareintheso b unit or irreducible

know:Dwab & rlyrb => rIcb

Equentlyrubto eithe
hotin
=) x4 R I and strow a so bade units. -> irreducible but not perions in PIDX
so z doesn't a=x +y=5, 3 4 =1a12(b12

=(x+sy2))s+ 3 t2) & caseson 101, 161 hat makes 4
divide 155 b =5 +ts la12 or 161= 1 => unit & no integer sets for (ali)b): 2.



atx S.t- 3beR

⑯ FactorisationDomains: n)ab:
· An integral domain is a factorisationdomain(FD) f

each non-unit.

x=R/SO3 adenits a factorisation x =r, rs... in (r; irreducible elements]
- A FD R is a UFD i:

(i) R is a FD Sfactorisationunique upto reorderings
(ii) knon units x=R1903, and any

two factorisations r, r. ... (n = 5, S2 ... Sm

xt R7303 not unit,
not unit. Assume 22miniinmenwomenintheuse it. x =r,...n =S, . . . Sm

So in IS; for some i
:

macty!
=>

ingesreducee
factors match up

i =k= x/a
,
istex lb

priene!-Fee
time collectionof elements in UFD has god, kee

Sale Brat (I, +) =(R.+)
e ↓x I, VrER, wek

⑰ ArxisalIdeals):An ideal I of a ring
R is maximal of IFR but

=

If J is
any

ideal s.t. 1 =51B = J:Iam 5=R

⑱deals& Fields):An ideal I in -I commutative) EF/R/I is a field I
Proof: not in quetest group.

- -
->
I suppose rig R matisal

)Iis rational, wi Ux=RII, c+I has multiplicative inverse in & IE

&maxional dx4I - Ideal I + (x) =R =) (t I +(x) =) bytR s.1. It Itsy
thenI+ 1 =I +xy

=(I +x)(I +y)
'E 5ideal S.t. IC52R. -... => J: R so mational ideal.

⑲isalis irreduete): L 7 =) (ais irreducible)ato anyideationalata reduite, be a notitin
oo: 'If (a) maxional, then(a) FR

Ideal is
=>(a) = (b) =R so cases

=>bla = a =ba for some ER-
so a not a unit. If atba

I So (a) F R. If (a) (b) =R

addition so ①(a) =(b) =) a writ &c unit ->(a)=(b)
I (a) =
R

b
unit ② b unit ->(b) = R
en

-> a is unit
(a) is maximal ideal.

<multiplicationGod f)⑱berField(c], deg (j) 0 =F(x]/())
=pebooicals in fof deer has int

of irreducible ->F(3/1)) isa field.
· :x G &abgebrodie (over 42) i f(x) =0 for some ft M(x], deg1f 1c 0.
Oberwise, a istranscendental.

·(pebpcosial):Vac 4, f(x))-sf(x) is a ring homonetism
da:R(x] -- K. consider cases on a

sinementalde



f(x) =0 =fc (r(0a)
Heer (da) is an ideal of of PIDR[x]

· wan,inanemake in monied his is the

S.t. m(x):0 & m irreducible i(Pa)=k(x3/(f)

S
⑰ H

↳brokeragecharthasanameate ↳wereareman
and

dete
a number field

I irreducible -> Her(P):(67

=>I is minimal pehonasiaof a d (c /(f) = i (Pal
=412]a subtice

-Example ⑫ (k] =5a +be3isbaseline- 2

/aredintI -

im(41) where ⑰(x- 2)=k(r2]
4x:f(x) f(x) field!!!

2 so closed!

-10- Popcorals

Antborallydesed):A food itis alsoseenameredasa sade
closed y vf t F(x), dey (8), 1, 72cF s.t.

f(x) =0 (e.g. K
every persial

has a root]

Note:Thealgebraic numbers Al S4 one the at4
-

5of j(x) =0 forsosalJt4(x] mates a field?!?!

8
-
reducides in F(x3):If Ialgebraically closed field, then the irreducibles in unique.

F(x] one the polycomsalsof degree 1. (each reducible isan associate of (x-a) for a4

:See C.N.

%esin 1(3):theconic priones in IRK] one (x-a) & x+bx +c

Va,b, LER S.1. b2 - 4c =0
316x3 +12x +9in(x]

⑪:V good exercise but non-excent...
Let R=UFD

⑫ Enin'scriterion:sufficienttestfor (x) pornomial irreducibility.
· an element off:do +4,x4... +drxGRKx] is primative i g(d/do,..., an): 1

pasierandremedianto pretent
Note:can snap? (Plan, Pta;for ki=n) E))Paid Playafor itin-

and p2 90 C
⑪See notes...

⑬B terrand:A primative posed in XK] remainsirreduce in4K].



#Example Groups

IF,,smag Ideatimeorgroupis,a
② (n =2

n

=50,1,2, ..., n-13 m/ additionmodulo n.

③Un= Satn: geda,n)=13

:Need bezoult's Kenna gid(a,n)= 1E) 5x,ytZ sot ax+ my:1

~6L(n,t) =Smethn: det (m) +03, SLIn,h):3Meb:det(m) =13
0(r,1) =3Matan:MT =m3

⑤ If ge 6, men 3y4: tet43's the cycle subgroup generated

by y.
I Anysubgroup of an abelionsgroup is normal.

⑦ Quaternion Group G8

⑧HEG, mn 4:H- 6by 4 (h):h is homomorphism

& 4:6 -> 0 by p(y) =lgh" is Lamomoptism
9 def(AB):det(A)det(B) => 0:GL(n,k)- letby d(y) =detig) is

⑪ I(i): Sa+ib:a, b =} subrey o K(Gaussian integers]

⑫ Woromanches-en
* 4(z):E complet conj
·

40:RK] -> S by 4a(f) =f(a) Sevatationmap]
·4: D-> 3 ring homomeptism.
N:R(x3 - 5(x] ↑(ax -... +90) =4(an)x+..- +0(90)

↳Whatitre


