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①Basicdefinitions :

· A feld to
,

is a set with addition & multiplication s . t . (k , + ) is abelian,

It 1503, ) is abelian + distributivity.
· A rector space v over a feld I is set v with rector addition &
Scalar multiplication.

· A basis of a vector space is a subset BCV S . t
. every ver can

be written uniquely as a finite hinor combination of beB.

· A lineor map T : V W "respects rector space structure" [Mav + Br = < T(r) + Bish)]
we can piets bases E = Se,, . . ., en3 ,

F = EJ, , . . ., tm3 for Vand W .
Con write

T(ej) = a
,jf , + ... +

amjfm
= j = n

Then "matrix for T

A :
In

per not chosen bases( : i I for V and w
-

am
,

... amn

The columns of A one the images Te
, ) , . . .,

Ten) of the basis vectors

foo v not bosis J , . . ... fo of W
.

· To change bass
,
consider his sequence of linear maps :

Id T Ide
VanesiiW

El E F F

Then as composition of linearmops corresponds to mass multiplication

MIT = MIIduLMIT .MII
lower indet : Sources
~er2- Jordan Canonical Form

Upper det : target

Find a basis for

&5 = "Ap T (v) = Ar S . f -

8 Fenvalues& Egenvectors : mate it is 'nice"

· Find some OF VEV
,
AEK St . Tr) = tu

.
1 eigenvalue for agenvector v.

· T : V-V
. Matrix for T diagonal E basis consisting of eigenvectors.

·

, ... to distinct gen values - corresponding eigenvectors clearly sept.
· TiV-V (dim(r) = n) has n distinct enervalues .

Then A is

diagonalsable.



at terres of (A-11)
:

⑤usualPolprosial : Pete P by Workingand et eisenvectors for fol !

· At t
,

Don Jpekk] , deg(p) = n2 s . t . p(A) = One

# 13 In
,

A, . . .

, A 3) = n + 1
.
dim)A

*

) = n
=

=> Linear dependency relation
and set this as p .

· Beg: The unique monic non-zero polynomial Ma() of minimal degre
With My(A) = 0 is the minimal polynomial of A

Existance : ( (A) = 0 = JpEtK] of misisual degree for use above]
-

queness two mone p .
(s)

, P2() s . t . P , (A) = P > (A) = 0 . p = P, Ps

minicality.
· qh(x] S . t . g(A) = 0

,
then Malg.

#: writea = SM + + S . t . deg (r) = deg (M) · If O
,

ther

-&~ (A) = q(H) - S(A)M(A) = 0 - - toM minimal => = 0 = M1g .

&

⑭LeyHamilton Theorem : C
,
( characteristic pelprosal of Att Then

Ca(A) : Owen (not Of b ! ] Bji = delete jth rou ,
its coun

.

(ji = det (Bji) . then Adj(B) :j
= (-1)

+

]cji& O Badj (B) = adj(B) B = det (B) In set B = A-xIn
.

so Adj(A-cIn)A-cIn) = <(c) T
-n ↑

② P(x) : [Pjci ,
Q() = [Qpxt Pj , Ob t

* "

[matricies ! ]
Then P(a) Q(x) = R(x) = &R, x

I
with [Pjqn = R)

Note : P(m)Q(m) = RIM) of Meghan
this

commutes us all coefficients of Q.
-

③ Set PK) = adj(A-En) ,
Q( : A-In

,

M = A . GAT = O = ((A) : O

⑤ Calculate minimal polyosial : just cheet the Jew possibilities given by-

⑪ B Dis always exists
, horribleMal & ↓ eigenvalue of A .

Then Ma(t) = 0

Need C, 1) for his to work... absorthan for large matizes in notes

#B : Av = tr = Av==... = A"vit" - > Upetke] we have

p(A)r = pit)v => as MlAlv = 0 Fr => Ma()v = 0
. vo = Ma(t) = 0

⑥
-
Todachains & Jordan blocks : T : V V /AECM

its a kernel

· NilA , +) = EveV : /A-In)"v = 03 "generalized eigeaspace of index : of A
"

· A joden chair of bath to is a sequence V
, ,

. ... un Etc" Sit .

A v
,

= tr
, Ar : +v

:
+ Vi 1

2 = i = k

· Jordan blocks of degree to with eigenvalue A Jo
,
t

with

Vijay ij
O

S I f j
= i + : IO otherwise

Matrix for im where w Tv, J : dr
,

5
Istclon

is subspace specaued by EV, , ..., 43 ↑ (v2) : +v
>

+ -
,

2
2nd whe



· Jordan basis for A is a basis of "v/ one or more jordan chaises

Strug togetter. Pis matix w/ jordem = EFPAP
need 12 : < to

basis as columns ensure at least one

eigen value
.

· Main thre !- At 4**. Then I jordon basis for A . Here A is similar
-

to a matrix J which is a direct sure g jordan
blocks. The jordan

blocks in 5 are uniquely determined by A.

& very long ... wosit come up hopefully ! Induction on dia (v) = n.

* Sequences of JCF : Let Atk**, Et, , . . .

,
+

- 3 eigenvalues of A.

① & (3) = 1-11 -t
.) Ma(= (x-t) Bi

white X ; is the sum of me bearers where B
; is the largest amogzimmzofme jordanblocks oa the degrees of the Jordan blocks

of A for eigenvalue +;

② A is diagonalisable EMAK) has no repeated factors.

8 If M = ABB
,

mom Cm( = <(x) (k) and Mm() = La SMA , Mp 133
and apply repeatedly.

⑮ Let t be an eigenvalue of AtCV
*" Let J be JCF of A

.
Then

(i) #Sjordan blocks of 5 w/ eigenvalue +3 = nullity (A--In)
f for

iso

(ii) # Jordan
blocks of 5 /

eigenvalue + of degree
= nullity/(A-1In)") - nullity /(A-XIn)"")E at least i 3

=>

(broad Finale)
⑧ c facts of the spectral theory of ratricies :

Call takes this forms
⑰ At** peK(] , if tis eigenvalue of A , p(t) eigenvalue of p(A)

#Assignment /

& Atc",
let Ni (t ,

A) : Her//A-In)") = & generalized eigenvectors of A3
nott of indet i

=> every rector in "can be written as

d suc of geniss/ generalised
agenrectors

,

# JPs . t . J = P"AP and the P our our basis of generated e..

& 7) SeK""s. t
. B = S"As A & B have same eigenvalues

-> ↓ = M, . . ., Ar : MR-(A , B +**"Similar) ( I and dim Ni(A ,+j) = dim
; /B , Mj) Fi,j

I
> dimensions of corresponding generalisedeisenspaces of similar matrices

a the sorere: dimension = nullity (A-tr)" dependent only on mop

T so invorient under basis hang.
I &

E Follows from uniqueness of JCF.



-hopter3 - Functions of Matrices

⑨ Lagasse Interporation : speedy method for pend paper J(A)-

↑ : Ma / in practice ...

·

Suppose N(M) = 0. Divide by remainder : " = g(z) N(z) + h(z) /isis division

Division w/ remaisidesA = )4(A) + h(A) = h(A) Em by remainders
for h hard :

Shortcut : roots of NE) , say a
,

. . . . <p , multipleities m
, .... Mr .

Solve

system of simultaneous equations in coefficients of h(z) :

f : zn

j(x(dj) = ht (aj) = j = k #temjm

zz roo3 multiplicities
Example : zu sample: e
-

MA(z) = (z+ 2)2 ((z) = (1 - z))2 - z)2

S
et = h(1)

multi3=> h(z) = xz + B => h(z) = xz + Bz+ y e2 = h(z)
ot

:
. (-2)" = - 29 + B so system is 2e2t = h'(z)
n1-2"" = X

⑩ Definitionof a functions of a motit : Use z"to generalise. Let

J = P"AP
.

J = Jt
,

4
.

8 ... 51
, be

is the JCF & A . We e

J(A) = P"J(5)0 where f (5) =(/5x
,

m,

10 ... 81512
, ke
(

where

I
f(x):I

can use this or

((5x ,

4) =

0

&

lagaries interpolation

: : -

· ·
to line et

...

O j'(x)
o o : 6) f(x)

lots of practice needed...



blinear T : V + u-> K
>

-oper 4 - Bilinear Maps & Quadratic Forms

·S
⑪Definitions: V

,
w are h-vector spaces. A bilinear map on V and w is a map

=>

5 : + w- b set -

(1) T(x ,
v

,
+ &

> Y ,
w = X

,
T(r, m +&

2 Try ,
w)

-limes in both
(ii) +/r, a

,
w

. + &
< wal = <

,
Tr, W. S + &

,
T(r, wa) arguments

Pict basis Eise ...... en3
,

F= EJ , ,
. . .

, 623 .

Set dij = [lei , ti)
Pict coordinates for ve V

,
new . v = <

,
e

,
t ... +knen ,

w = Y , f ,
+ + You m

-
↑ Iv

,mbybliojy
-

-
Aw = (v

, w) = (2)Aw⑫ Changeof boss
: P

, Qu. Hehe
T

= (PL)TBIQw) : (LTPTAQu' = B = PTAQ

Note: Matricies A and B are congruent of investible P S .
t. B = PYAP

-

I represent the some bilinear form in different bases).

#: vant (t) := ante(A) => vante well defined (independent of basis choice

⑬ HR radicals : Since [1v , w) = ~An

ter(A) = SVEV : +(w, v) = 0 WweV3 is the right radivaly I

herCAT) : Sver : +(v , w) : 0 We V3 is the left radical of -

·auts(A) = rants (AT) => dien right/left radical 3 = disulv) - raub(t) = n - r

routs (i) = n => ↑ is non-degenerate
·

⑭ metic/antisimetric bilinear forces : A bilinear form Ton V is

(i) symmetric of [Ir,
w = w

, v) wirer => A = AT

(ii) antisyoros if [1, v) = VvL => AT = - A + zeros on

diagonal
Equivalently...

T (v+ w
,

v+w) = T(r , v) + T( r
, w) + T( w

, c) + +(w,
w) = T (, 2) + T(m, r) : 0 => Tr, wh = - E(w, c)

Drop : If 20 in It
,

then any biliser form T = 4 + Tz Curique](
T

symmetr antisymmetric

&: Put E
,

= /51r , n) + Tw, v))
, E2 = ((t(v , m) - -W, 2)

- -

Symmetric antisymmetric

#guesess :
g i = 4 + I, 1 --

Had?



⑮s Quadratic Forms : V is a k-vector space .

Then a quadratic form on
-

v is a function q : V-+ S ... Tate a g
↑ 10 , wi = g(v + w) - g(v) - g(w)

g
(i) q(ur) = 1-g(v) Ever

,

let
&g

(v, 03 = g(2r) - 2g(r)
= 4g(r) - 29(r) = 2g(r)

(ii) Tg(V, v2) = g(v + V) - g(4) - g(v) is a symmetrice bilinear form on V.

Note :
there is a one to one association between quadratic forms & bilised forms-

queEig , -q ⑭2
⑯ Nue bases for quadets forms : V ndim rector space my sysmetice bilised
-

form i lorg) . Then
·J basis b

, . . . .. bu y V & B, , . .

.. Br S .
t.

[(bi , bj) = S Bi J i=j
O other is

·

If gives any symitive motit A
,
I investible P s . t .

PTAP diagonal
·

If guie any quadratic form of on V
, I basis b

, .
. .

.,
on & constants

B
, , .

.

., By sit.

g (x ,
b

, +... + x bn) = B
,

x
,

2

+... + B
,
x

rant

z
P induction

.
Short. pict v

,
S . % . glv ,

v
,
350

, B=gcr) , then Tr, r) & auditya-

-Moshortfor finding this : Have quadrates form q . B = (Bij) is matt Jos

q not orbitory basic b
, . . ., by . Modify :

Step

↳set glb .
) 70

note : be comful where
-

modSyi-> Step 2 :-

↳changeo basis b
z , .... bu to mate

: B
,

0
,

then doe coming from is Rem orprogonal to
P : new basis rectors b

,case 2 : & = 0 but Bi :
to men Snap = will rate from-

case 3 :

Bii = 0 Fi
, set bi = bi + b;

t orginal mate it ↳t bi-Bib , why his-
-

↑ /b
,, bi -

B. . .⑪ Sylvester's Theorems) : A quadrat form of
over Is has form

It , n) is the

Signature of g q(v)= :
rasts is the only invoret of a

- quadratic form over I

not a suitable basis where + + u = rante (g) Nei Snap I to & & get glui=E
Sylvester'slove of Inertia) :

of a quadratic form on V over 12
. e,. . .,

in &

e , ....
en' two bases for V Sit.

g ( ,
e ,+... + en)=S -Ye , que,t ... en')=

i = 1

Then tit'
,

U = 4 signature invasient]

Pf : know t + u = t + u= rantly) => Wis t = + => assume the
-

& v
,

= Span Se , , . . .

, + 3
, Vz : Span Se+,

....
e
.

3
.

Then for v
,

w + 0

↓ veV
,, g(r>> O

, weVz S .
t

. glw = o = V
, 1 rz = 303

& di /V
,
1v

> ) = dim /V, ) + disa (V2) - dim/v , + v2) = t + (n-t') - dim (V , 12) > 0

-
t- t'co

,
die (V, nVz) = n

-&-



⑭ Endidian Spaces ,
ormonormal boses

->
Serature is (n , o)

,
t= n-

· The quadratic form of is positive definate if g() >0 Voter

· A vector space v/H2 w/ positive definate syrmetic bilinear form i is a

Endidias space, I j iij othogonal ifAtnot toned Sij = 30
2 diz product... f inj - normalised.

· A basis for VS .t. e ,
e; ) = S

.;
is an oubonormal basis of U.

=

⑳ Schmidt Process (ortonormalsection process) : Let V be a Endidion space .
dimu= n.

can modify basis Eg , ..., gn3 to an orironormal boss Ed , ..... Jn3 by :

industwaly :
-

Ibusischorage·i megi-gitmatt

MLId
_ I, ↓ := ,

s upper triangular !

& thogonal transformations :

· T : V-> V orthogonal f it preserves the scalar products TC). Tw) = v w

↑l: Av T(v) · Tu] = viATAw = rTw => AAiIn
· AtM

"

"orDrogonal of ATA = In det (A) = + 1

Decomposition; Letthencan
we A QR ea ne

7 -/ 2
othogonal change of basis
bas- mateis

Method : Dcotrans of A form a basis
. Set this as Eg, ..., gn3-

② othonormalise Eg , ,
. . ., gn3 -> EJ , ..., 23 using Gran schmidt

⑤ Eg , ..., gn3 is Q & find ,house of bas's matt R.

Useful !Some As = b ? Easy ,
QR = 3 = Rac : QTb pers aJ

⑮ ormonormal bases R = I Ji
. g , dig2 Jig (&↓g2

· T : V- V Linear map on Endidion space V
.
Den De Know map s s i

t.

(Tv) · w = v = (S w) Ev
, w

,

is the adjoint of T
,

T*

Note: D Choose an honormal boss = matix of T
*

is trampose of T

=> Linear operator opogonal If T *
= T"

. (Ar) . w = v . /Bw)
v +AT w = v Br = AT = B

,

② I selfadjot of T
*

= T /of bilse food T(r, n) = Tr . w is symmetric

· Atten symmetric of all eigenvalues are real.

# O det1A-tIn) = 0
,

I closed => at last one out 10.. v Erector.
& Av = tr Au = To (as AtM] vTv = x ,,+..- + din E↳ viAT = AvT -vTA : tri [as A = AT] &
⑤ ↓T = vTATE = vTA = [viv == = ↓R luby ? ]



· Ihm: Let v be a Endidien space dimir = n . Then

⑰ Gwen
any quadrate form of on V

,
ForRomormal basis

J , , . . . . In gr & constants a
...... an S .

t.

& (x , f ,
+ . . . + xn(n) = & ,x,

⑬ Given a self adjoint linear operator , J), . . ... In ormonosal basis
J , , . . ., fr ofV consiting of exenrectors of

i

.

& A t Man symmetrics . JP Orthogonal S. t . PTAP diagonal.

·

(very useful ! ) At Men symmetric ,

it
,, 2 distinct eigenvales w

=

v
,, 12 eisenvectors. Then v. . = = 0 j repeated eisen value

,
wil

need
gram schmidt to

oronormalise# Av
,

= +, v
, & Arzitery & Consider v

,TAvz ....

· Quadratic Forms in Geometry : Las "complete the square' to get general-

form of surfaces... Lots I cases . --

⑬ Singular Value Decomposition : Given
any A

I
k + m

Then here exist
- /

unique singular values J , , ... Un 10 and orthogonal matricies

O anda sit.

188) = p
+

AQ (D = diag /U .. 0 , .
. . . . On)]

The 8 are the positive square rooks of the non-zeo eigenvalues of ATA.

Note: If you have a symmetric metrit ,
SVD is just orhogonal diagonalisation

with exted care needed for sees .
Otherwise...

Sep2 : want D
, G orogonal

S . % . D = PT AQIineal-*Vi =; Find orRogonal Gas is of
eigenvalues for ATA

Sep3: Find images of -
linis is Q]

mbas's found & divide by
corresponding Wi

Rose is a complex story but non-etacn-



ess-FinitelyGenerated Abdiam Groups Big d
-

review g
MA136 see shal

..

⑳ New tools ;
-

·The direct suren of groups 6
, ...,

On is defined to be the set

3 (g, , . . ., gn) /git 6 ; 3 (w) componentiise addition).

· list isomorphism Thm) : Let 4 : 6 - I be a homomorphism we
Gerre 12

. From 6/kEimcol)

· A finitely generated abclien group is called e arte n if it is
·

somorphie to I"

· Elements
, , ..., n of an aborious group G form ad integral/4-bass

of 6 E) they're independent of span 6.unearly
· A matic Peyman u/det(P) = #1 is called uni-modular.

· Unimodular Smith normal form (SNF) : At L
**

rant (A) : %
· com

reduce A by a sequence of unimodular row & column operations to

B
. Bid : Our zier . Bij : 0 Otherwise

. Mildie ,
for ever

Not: ged of all entries of A is d
.. (put d ,

in 11 , 17 & continues

⑰ Results: generators

c
·The group = y, , . . ., Yuld , y, , .

. ., dryn) = /d, I/dz0... Lld@yo-r

· (Fundamental tim I finitely generated absters groups : IfG is as described
,

Tes its somorplice to a direct sure of cyclic groups . Precisely , if t is

generated byn elements
,

men for some -veren , Id
, ..., dr El w/

&; so
, dildie , Sot .

mate motor -> SNF6 = /d
,

@ 1/d
>

# ... Lld - & 2
n - r

to get be di -u
~ finite Cyclic groups n-r infinate

-die gro

Note : 161 : d
,
d ... do => n = 36 order finite abdions 6 : 1136

, [12*118
-

2138 2/12
, 216D4/6

· Let 6= 6
,
0 ... % On be a finite aboion group, order (g) : Um (g , , . . .. gn)

(g : /g, , . . ., qn)] => hm of all components of 6. /36 has
Sisomorphic groups have servere # of elements h order I element oforder 36

· Letoy be the subgroup of " generated by columns of At** ↓
Cisvestible in Q4*] · Index of Him &

"
= (det(A)) not sophic

/order (2"/H) = Idet(A)l] zdiagonal entries to 2/2* [118
of SorEy A

- ,
... r

# Assignment 4 : V : (A) = ged([(det(s)) : S is an its submari A3)
& Out At B

. (det/A)1 = (det /B)/
② HE /a

,
8 . · . Klar



KEY CALCULATIONS
A quadratic form q : v -> I

is a map s .
t.

OmordanCanonical Form J = p. AP q( +v) = +=

g()
↑ (v, vz) = g(v , + 2) - g(r , ) - g(v)

G

EP1 : Find J
is a symmetric bilinear for

- Find ((x) and Den McK) if matt small
. Mald & MyH) : 0

- Find nullity /A-11) = # Jordan blocks for his eigenvalue , &

nullity (A-11+
-

nullity /A-11)" = # jordon blocks of desre at lost :

If matric is loc.

DON'T CALCULATE EIGENVECTORS (you get themfor,
STEP2 : Find P lunless choice lesson 1)

- You know how
many

vectors you need in each chaise
.

Art = Aute + Ve => (A-1I)Uc = vn ... /A-XI) "vn = 0

Piete rectors not in the hernd g
the smaller possess of

& (A-11)"· Utter(ArtI)t ,
Vie #herLA-I)k-

IEP3: order P correctly
- will be

wrong j you don't order following the chair.
T(v , 7 = ↓v

, images are

T (vz) = tuz + v, the columnsz1#
T(vz) = rz + vz order matters!

② unctions of Matricies

#vel: A = P"tp = J = PJ(5)P , (5f...

((5, ( :=

(( +)(()26"() 56"(t) Spot the pattern !

0 f (1) 6'() f "()

8 O ((a) 6'()I
O O O f(x)

I
Choic2: (lagrance Interpolation) · Want J(A) . Divide by MA or C-

f(x) = (y(x)g(x) + h(x) => J(A) = (A) + h(A)
- ↓ are eigenvalues
division with remoisdes so Then fixed h(x)

f I is a ith degree
f(x) = h(t)

polprosia Den deg (h) = i - 1

5H) = G'C)
E

for repeated outs

/works :· <(H)= o]

8 basis for quadratic Forces B is motif for g
STEP 1 : Have matrix for awrt basis [b , . . ., bu3 & modity :
-

- If B
,
70 -

, f B
= 0

,
swar basis restors I add bas's vectors,

- ohogonalise
, bi = bi - Bib ,

I sets all basis vetoso

orthogonal to b,
↑ (d :

- Bib ,

b
, ) = bi ,

bi - b
Bil

EP2 : Find masst not new basis : B = PTAP Where A not start basis
& Pis modification from start

bag3
.



*-basis for maps on Endidian spaces
signature is (n

, 0)

q Irko Eve u

Tools :
-

# FromSchmidt : Have a matrix/basis
,
take columns g , ..., In.

-

J .

= i
the EJ, , ..., 623 are now

-

↓ : = gi -gal t I orthogonal

3
1 f ij

- := Ji - Jj = Sij
o Y itj

⑬ genvectors : If you have a quadrati Gara with g(r) 10

Den AT = A and so of A
, Me distinct => 4 . Y = 0
=

Cy you have some repeated
,

Den just run gram schmidt]

O R Decomposition: WhosAt -
cluences y

-

Q
AP1 : Eg, , . . .. gn3 Graz-schmidt

> EJ, , . . .. In 3

STEPS : Find R by tracting changes in termsy bosis or
-

I
Jig , 5 : 92 6 : 93

&R = 0 62.92 62 :

%3
O 0 63 .

93

⑤ entervalue Decomposition : A EIR
** M

, write D = PTAQ

STEP1 : Find eigenvalues of ATA . Set Vie If & ourage as

increasily

P2 : Find orthogonal bosis of eigenvectors for ATA . This
3 Q

.

IEP3 : PD = AQ so find images ofa vectors under
divide by corresponding to to line P.

8 with Normal Forma :

STEP 1 : Find g d & more to top left w/ INTEGER operation

SEP2 : Disse & repeat till done
.


