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~biratories,
week 6 11/22

↑ hm :
=> Every tree has a leag

P [strategy ,
consider a path in T that is as long as possible)

*

*

consider a path in T that is as long as possible

A

& ⑨

P &

* Endpoints of Pare rolled v , -2 . If v
,

is not a leap,
there

G
is an elee

, not in P that is incident to v,
, say e

Vo is not a vertex in p
.

Then
,

could add

Trocasearea
ne

e andvo to p to get a longer poth, contradicting[ J P's maximal both.
② to is in p

,
then we get a cycle :

vome, Vo
P

[rot in P]

contradicting thatT is a tree

=> v
, lasd-2) one leaves => every

tree has a bay . Creally,
at least 23 0

: Infinate trees need not have leaves.

#allory : If T is a free with n vertices
,

Don I has n -1

edges

& Induction on n.

S

Base case : I vertice
,

no edges
-

this can't have introduceda cytee
-

If I has not vertices
,

choose a leay v
. Delete the leaf v of its edge.

The resulting graph is still connectedandocyclic and a tree with
-&

n vertices => n-1 edges (by induction hypoliess] ,
so I had n

edges when we adda bast intome groph.

I converse of cocollory]

#f G hasn vertices
,

n+1 edges
,
and is connected

,
then 6 is

a tree· (V(6)) = n
. (E(6) = n -1

UseDe fact that trees are the edge minimal connected
graphs .

Tree is a connected graph S.t . If you delete any edge
,

Run T is disconnected. [contains all the

Spanning vertices)

# let6 be a connected graph . LetIt be a connected
, subgraph with as

few edges as possible . (well defied as 6 finite] ,

So by 1st the proved
about trees

,
I is a tree· H has all the vertices as H is a spening

subgraph => (V(H)) = (V16)) .
But as His a free

,
(V(H)) = 1E(H))+

- M- -
U

tree has I more vertat
started with n-1 edees

,

ended with n-1 edges, so H = 6. Ran edges

I haven't actually deleted any edoes] => G is a tree las It is a tree] #



: "Spanning tree" of a connected graph It connected
spanning subgraph

with as Jew edges as

possible,
&

&

&
G &

&
O

*

⑤

Rm↳:
g

& e Adding an edee either jons two
= A

&
I

components or creates a cycle.
a

-- - [connection between lineor alseed & graph Theory]A D

Ruti : Given a tree T & a verter v
,

there is a unique way y assing=

a direction to eachodge S. t . all edges "point away from v
F

* &

* I because our groph ·
-

· (
-

is acylic,
this is

&

⑤

*

M· well defined]
Je *

B

Problemof clousy graphs

Given a graph G
,
how

many
colours I needed to point the vertices so that

adjacent vertices get different colours ?

E)

want to portation the vertices into te subsets so but each subset contains

no pair of adjacent vertices . "Proper t clourby
fall me red vertices would be our subset. )

If a properIt clouring exists
,

then we say 6 is "I-colourable"or "K-partite
-

Thepinimum such K is 22(6)
,

the verter coloring number.

Red Blue
D

G

&
*

⑨ ⑨

* *
*

① ·
&

* *

&
⑨

two-particle graph complete - bipartite
4 3, 4

-

Hursday~oh November 2022

⑳ "Proper vertex equally , partition v into subsets

· · 3-colouring af I with no edges among the

C
=

elements. "independent set of
· vertices

X(b) = 3

[mim number of colours
· &

x(() = &3
n even

needed] nord
·

Remarts : X (6) is NP-complete : woo trious on algorithm that is much
-=

better than just brute force .



Recall: For 9 ,
630

,
defined Ka

, b=

&

&
⑤

*
&

& &

*

: For a
, , . . ., 9 -

10 Complete ~ - partile graph Ha
, ..., ar

·

e ·
·&

What is the create number of te complete graph ?

&
For every choice of two

X(kn) = n
colors

,
can find an

· edes between Mr
·

an edge.:

· &

X(G)SIn a minimal Vertex

clowingof any colorlasses
an jodaa

2

Using quadratio forld & rearranging, 16) = " + E
&

Bipartite graphs
&

⑤ ·Neverhave odd lagt cycles . (there & back I
*

&

: A groph is bipartile # it has no odd cycles.

& &

so no odd cycles=> can two colour the graph.
*

: Assume G is a connected groph with no odd cycles.

Every connected graph has a spanning tree
. (a tree that uses all De

vertices - keep debting edges until graph is unconnected]
.

Let I be a

spanningtree
·

Choose a root

⑳ ·

Vo of T
.

For each
,

take the unique path in T

from u to me oot

7 even lagt
① and bagte
·E

·
X ⑧

vo

Need to show this is a valid graph.
~ L Need : For every edes of G

,
the endpoints are

-

different colours. et E(b)
&

· · cases ;
⑤ ->

D If et E(T), the unique
· Find a tree Ispanning) path from endpoints further from to to to is

· Pict a root longer by I thos the path from other

- go along edgesof endpoint to vo
Nee & conour.



If etE(0) ,
Suppose the endpoints v

,
and v> one sare colors ·

Take the path P in T pro u
,

to us I add the edese e
. (now a cycls]

: Along P
,
Di colores alternate

E

-
~, -v

Since v
,
and re are te same color -> P has an odd number of vertices

and adding edese e = old cycle. ( but we assume groph has

no odd cycles./1 &
-

Edge Coloring
A proper edose-colour

zeg y G ison assignment of a color to each

edge such thatf the two edges share a verter, They are different
colours

.

"independent set of edoes" E) no two share a vertex

X'(6), ede Glowing number is the minu number of
colours needed for a proper edge colouring.

Example
>

Is
14

↳
s

-

Isame as football teams

Observe : X'(6) max deg(6) tounaccents)=>>>

Vizing's Thr: X'(6) Smat day,

G RAPH TRAVERSAL PROBLEMS

land

we
-# # &

⑨

&

#
#

Land

&eg : An Enderian four of G is a walt on G that uses every
edge exactly once and ends where it starts.

& If G has a verter of old degree
, impossible !



# (Euler 1789) If 6 is connected and degic) Seven Ever
,

then

6 has an Eulerian tour.

cases to mory about:

· assive at a vertex - & there are no unused edges from v.

-> If w is not the start
, you enter a leave, even dire though so Lice.

-> If v = vo Istart vertet), no unused edges only if v= Vo.

·Strategy : start walting tu you can't move any more. If stuct,

Fate original waste debate all edges& then start a detour .

& let w be the longest walte in 6 that doesn't repeat any edees.

I hopefully this

will have used all the edges].

Letvo be the ending vertex of W.

cannot go further=> all edges at to are in w
. Seven number of those].

Since deglue) is even
,

to is also the starting vertet of .
Coromise can leave & enter)

-vi
·

W could be Enlarian walk > suppose it's not. & ↓
v/l/2-T· Cv" w &

If G has unused edges,
let v be in this edge,-

Choose v"in W
,
and take a path v-v"

=> I vertex of w with an unused edge coming out of it.
>

we assumed I wasy motional leath,
but we can make a longer path .

New path is : start a v"
,

walte along e
,
follow w

around rest of
w w

v"Eve w - Vo -> w

I some of (bit after
it + u vo) vo . Cycle so

Lisa) .

=> W is not the longest such path -> contradition. ⑨

: A Hamiltonian cycle to is a walts that passes through each

vertet exactly re & ends more it starts
/

A Hamiltonian tour of a groph G is a spanning cycle in G walk in o that visits

every verter exactly once
,

and finishes where it starts.

Eulessions Cycl Hamiltonian Graph
· visit

every edee exactly
& Visit every vertex

al exactly onl -

Edge = Enlaran

· Deciding in a groph - Eularan is easy : even deres

Hamiltonian is Lord.



Examples 4 ! total Hamiltonian tomof Eg Not Hamiltonian.-

-8Need 1013

of connections

Lone of Re most elegant proofs in the module]

Thre : Suppose G is a simple conceded graph with ms vertices
,

such that every=>

vertex has degree deg() c· E ,
then 6 has a Hamiltonian four

# [Ided ; need to construct a cycle .

Will need to remeber they idear]
Let 6 be a simple yoph withhuss ventees and

every verted has degree, I
let P be a path in 6 of moxisome both with verties v

, . . . .. t

·

I 8
-

VI v -- VM

Since P is a path
,

we can't repeat vertices so k=M.

Note deg (v
, ) E , deglun) * and all neigbores of v

, Up are in P

as otherwise we would have a longer path.
Since dey(v) * => V has, I neigbows in V

, .... V.,
our tem green.

Since deg /v, K, * => v
,

has I neibours in "2 , .... Un , if Vis is d

nigbor, colour v : yellow.
we didn' need to stateG connected

&& explety ,
it follows from6 simple·...z- with degin) E v

V
, VieW

we have given > E +E = n > >, +- 1 colors to v
, . ... "hy so at least one verter must

have both colours. -2
-

& "Simple has necessary !

-> ⑨ & ·- Ni

N
I

=
vi

-

3

8.consider the cycle C : 0 v
,
-v

, along P
⑨

· Then edge V
: UK

· Then Up to vit ,
betord along P

· Then edoe vie ,
to r

,

Need to show we haven't excluded
any vertices in 6 from C

.

So daise his

a Hamiltonian cycle,
so suppose it is not

.
There there is a verter Wo -

not in 6
.

As 6 is connected
,

there is a path fross No to a verted in P.

Then ,
there is an edge e in this path between UjEP and vep

le · start a -
,

travelalong e to vj ,
ten travel aroused ter agel·-N & vi Ni

C is either direction
, stopping just before we

- return to vj . This is a path with tell vertices

contradicting that P is the largest path .

=> all vertices of 6 lie in C = C is a Hamiltonian cyle.



&: could we improve on E

n = S n = 7

deg(v) >, deg (v), 3

Matchings /11/22

A set of vertises of a graphG is independent there are no edges joining onlyf
two
g them

.

2 3 4 S

&

I
⑪ * *

*

Indr (6) =

⑮

⑨

*

I I -
G

& ↳

: The verter independence number ind() o a graph 6 is te sativano size ofar independent
set y vertis is .

: a setg edges of G is independent/matching f no two share a verter

& *
2 3 4 S

⑨ 1
⑮ *

I

·
*

⑨

*

G S 9
10

The matting number inde (6) is me boxiomos sizey a matching.
Note : inde (6) e

o
[every edoe uses two vertices]-

↳matching is perfect if it has

tlV(0)edges
und we say G adita

perfect matching.
best we cando

- is two

computing
ind 16) is Lord

6
L

I

7.
no 3 matching U Y

mu
2 -no perfect inde (6) is easier-

metching
~mes

4

S Important special case

Gis bipartite . V(6)= AUB
,

all edges jon And B.

Guen a bipartile graph
,

is here

-
a matching That uses every verter

of A ?

Note
, of 6 is bipartite

A= jobs ind (b) min ((A) , IB1)
B = applicants

For a perfect matching, we need IA) = /B1.

we say 6 has a matching of A
f nd (6) = 1) => every verted in A is used in we

matching .



only onencour
-

I 9 ↑
--
.

Problem is a
,

c and e
/S b ↑ only have 2 ubors

ba Y

C E

3

does d -

-

necessary& sufficient
matching numberis 3

ea
conditions for matting

&

↑ind
.

(6) = 4 ↑

In order to havea matering y A Imatth evembling in H]
,

we must have bot

for every SEA
,

we harve IN (s)(c, Is) 2 Hall's condition]
Y

Nembers o S = SbEB : /s
, b) is an edge for some StS3

: If 6 is a bipartile graph With V(6) = AUB & 6 satisfies Hall's
&

unditionthere is a matching of A . (Hall's the 1935)

Supprising usepel
= 2PJ : By induction on the Size of A

.

11.
Theorem !

If (A) = 1
, Since INs(A)) > 1

,

6 has an edge so there is a matching of A.

Now suppose that IAK1 and this the for smaller A .

Two possibilities

Stronger
& For

every non-empty proper subset SEA
,
(No(s)) Is /I

In this case
, picte an eduse e = ca

, b) & remove e
,
and a and b 18 all

edges involving a
, b)from 6 to form 6. -

&

-
The new graph 6'has A = Ala and B' = BId -
& few all SCA'

, (Ng. (s)) >, IN , (s)) - 1 [removedat most b] -
-

- (sl + 1 - 1

= 1S/

So Hall's condition holds for 6 so by inductions
,

6' has a matching M for A

Muse3 is a matching for A in 6.

② Dere is a proper non-empty subset AA with INSIA')) = 1A'l
Goal :
-

·
we will lined mattings of A'R of AIA that do notGu shore vertices.

B/NCA')

Since IA'K1A) by induction there is a matting of H1
.

The endpoints of this

matching in B are a subset of No (A') of Size It'l
,

so equals /NoLA's

Now deleate A and NolA'] from 6 to get a new groph 6"
.

Dis is bipartite with

with partition AlA' & BINoCA')

We caine G"satisfies Hall's condition (our one tool
,

so better use its.



Fo SEALA'

(Nc(s)) = INSISUA)l-INsA'Sl 160 6 "don't overlap ,

2 ISUA'l-INs(A')

= (S) + 1A'l - IA'l

= Isl => 6 "satisfies that's condition
,

6" smaller so by induction
,

there

is a matching for AIA' in ".

we have a matching of A and AIA"
,

don't shore righous .
Union ofmose two

mathises gives a matting of A im 6. ⑧

: Peterson (1891)
.

Let 6 : (V, E) be a graph where every verted has legre 24 for some constant

120 · Then 6 hasd
spanning subgraph that is a union of disjoint cycles.

No biparticle graphs, Love more about proof than statement- I 2

# If G is not connected
,

we'll lived the spanning cell foreach connected component 7

separately => assus 6 is connected. 6 83

Since the deepe of every vertet is even V = E, . . ., uni => 6 is Euleoviae.
S 4

=> Tere is an Enlarian four W
.

It visits
every edge once .

( need a bipartite graph]

we now defined a bipartite graph 6 'With vertices A = Ea, . . ., an3
,

B = Ed,..... bn3 & an

edge connecting a to bj f Ni
, vi) is an edge in the four W

.
/no edge as ,

b
;

as no loops

In
,

will show a regular bipartite graph has a perfect matching ,
so need to show 6

s regular (

Note : The degree of :tA is the number of edges (vi , vi) for soons j in w
=

I 2
deser 1 8 degree 2

[ 4 7 ·
Z int times

S
3 & 3 out1 fines
Y

3
So · *

4

Tour : 1234513324/-
=

This is It because the four leaves vs exactly Is times

=> o has a matching ,
translate matching baste to edges of G

, we find a

subgraph where every
verter has degree 2

,
so is a union of cycles. *



Cayley's Tree enumeration formula.

& ↳ for n = labelled vertises
, fousd 1680 7 labelled trees.

⑳

↳ n = 2 3 4 s6 >

I 3 16 IIS 129616807

I
·

2
&

2

6 M - formuld : N
-2 non-trivial counting process.

393
I

& D
3

2

· Bijective proof of formuld : trees withn verters withn sequences of n-2 elements
· nasty

· linear alpbed proof : I'm before notes
,

also electrical circuits]
· Double counting : find sorce object you corset in two different ways .

(not clear why this is

the right quantity to counts
.

Pf : Let X drote the set of sequences Y
directed edges that won put=

together
,

make a directed rooted tree.

I

*

&
&"S root33

2
=> this never happens↑ ↓ 2

C

in a directed also care about heea &

&

·
J&

4 I rooked free - ordering of
the edges.3

way D to find I :

In number of tabelled trees witha vertises

Ix1 = in . n . In-1) ! -
number of unders of

Re (n-1) edges

f The free I choosing a sequence g- number g broph n + of directed edges].ways to pet
a roof

way5 to find 11 :

chose an edee.
I

- 3 choos for where to start aron

2

*

- ↳ shoes for where to end arrow
J=) nin-1) shower for 1st oron

S

next edge is horder...

Start at 4 : 3 choices
3

& *

4
start at 1

,
2

,
3

, 4: 3 choices JSty => n(n-2) choices for and orrow

Start at 3 : 3 choies

(lt-1 arrows chosen
Inductions Step : At thetith Step : already

lith orrow

&
have a rooted forrest of 3

21⑤ (n - ( -1)] Fees · Chossy where&

- end

-- & to end thetith arons Can't end
- -

-

⑨ in own free
, only at the roof

M ↑ ↓ of a different tree
end &-- ⑨
-·- -

· pict start : n choices
2

endI
t

· end verter : root of a diperant
tree . There are

(#
Each time we add on edee ,

we reduce the number of connected n - Hs - 1) = n -++ 1 but

one less : n-t
components .

Started with n connected components In vertises] -

& each time we add an edge ,
take one away, so added K-1 edges

So n-14-1) trees at kih slep.

=>H= ((n - 1)))n(n - 2)) ...
n(n - m) = n

+

(n -1)) = Tin (n - 1) ! => Tn = n
2

- B

hos way



Observation : If 6 containsIr as a subgraphI can fied to of the vertices so they're
all adjacent,

ten (6) r

=> ast me reverse Q : y X16 r
, non does

-
& ↳ contains Hr ?

-

C

G =

No :

S z S
X (b) = 3

-

&
- but ne

S & a

For any there is a graph Mr with XC6) = r and no triangles (no #3)

# Byconstruction ; we define Mr recessively.-

My= X (6) = 2
, no triangles.

biven M
. , ,

we all the vertices of M
..,

V, , . . ., in .

Idraw in a line]

- ↑
- - -

V
, v2 v3

V
n - >

Un

-- -

- S

- ⑨ &

Yn - 1
un

u
, 42 43

Y

w

· Ne triangles in DO vs => by induction can't have 3 us

o no edees between us > triangle can't contains two U :

· Nidagle can't containw as u ,
w

,"
but us not connected. Iwould need to contains

two u
;

but us not connected
-

· only readingose is Vi
, j , 4 with edges between

,
with i

, js te distinct.

-Vi Vj VH
· & - by constructions

,

harried about [
S

vi connected to un

uj connected to u
mis

* ⑤ #
"I connected to

v=& Vj.
U

: uj Ut

Now
,

clais X(Mr) = r

& induction no problems because means

XXX...

no problems

M2 - => X(mz) = z

To r-colour Mr : -
· First (0-1) Hour Mr.,

Scon do by induction) V
: colored

- Den colour 1: Soh colour as v :
I need to cheet noring invold]

· Your i the lost door

Need to show there's no valid - I colouring .

contradition & induction

p-t
.
O.



Suppose here was a valid (5-1) flooring of Mr
. Suppose that W has wow green

=>U: is not greed for all i.

=> recolour Mr., Call De 0
: 7 : If v

, is green,
Run change its clour to that of 49.

in Mr

↳This
wooring doesn't have green in it.

If the result is a valid ahoury these we housed a vold (0-2) coloursing of Mr
contradicts induction hypothesis.

red yellow fire

-green over happens
green

red
Vivi areen

fill since 1 :] is not red.

D ·

ui

Recall
,

6 has no-odd cycles=> 6 is 2- colourable·

Thm : /Erdoz) For
any hirco

,
those exist graphs 6 with , homatic number

-(6) ~ and no cycles of length less tan to

: A graph 6 is planor if it can be drawn in the plane # without edoes crossing

Is
3 . 3
Planar ? Horses house? house 3 & can't do it ! ]

* & &

not cor . Have

-
dama !

possitell &Ito draw all theG* * &arrangements
↑ hater

Not combinatorial...
gas dectricity

Given a drawy of a plano graph ,
its faces are the connected components of /6.

-

·
-
-&

Stetek
, Dronels in L -

N -

Suppose we have a day of &
1

planor graph with u = /Vl
, e = /El

, J = # faces↑ connected

Thus : Euler's Formuld n - e +j = z

# 10 loces !
* &

·
dele edes id spening tre

· *

By Gossa
, drawings of trees have

-

one face . And forned reduces
* &

Add bat in · in so we divide face in

& to one that holds n -e
=/

-

*Ez - time. Edges t ,
u sand

Fi
⑨ A

- e + f stays the some. hoed forspanningdea
we also add a face so t-e doesn't changed.



Grillery : A simple (no double edues) planor graph with n. 3 vertises has at most 3n-6 edges.

# Every face of a planor drawing of G has at least 3 sides
.

Goollory : If 6 is ploner,

6 has

a verter of degree at most s

Each edee contributes to exactly 2 sides
,

so 38 =ze

Pf :44 -

las edees
,

?
Using

2 = n - e + f => 2 = n - e + ze = n-

=> 6 = 3n - e = C = 3n - 6 T ⑬

# We only get equality if -. and only if every face has exactly 3 sides (is a trangles I falls outof prop)

covery : Is is not plane n = S
,

e = 10, = 103X3-6:9 ,
I

g
is not placer

colony : tes,z
is not planos ...3 houses

,
3 utilities , can you

connect ?
&

Pf : t
3 , 3

has n=6
,

e : 9
. By Euler

, if lis is placer
,

then lisis has s faces.
=>

(6 - a + y = z = j= 3)

This is a bipartite graph ,
so

every cycle goes top,
bettor

, top, bottom ele
.

so as Ms.
is bipartite , every face has at least 4 sides. What ideas should I

4 = 2e steal hous proofs to

use incry ins

But 2018 => Asis is not pleaser. questions ?

: Gives a graph64 an edge of 6
, we can contact 6 : Ref Given a graph G

Y

& remove of& merge endpoints. d vectex v can be
deled / remove - I al elements

② delee e .

connecting it)

Def : a graph I a minor of a graph6 f it can be
-

· estained frocs o by repeated edge dilation,

- deble

↓
↓

note : don't use to pore
Losstreet 6 a thes about simpl

graphs. Double contraction

3 - i↓
Contract-

-

4 ↳ o C * I Gad!

=>

"Is andKs, are the main obstruct res to a group being planor.
Note: G a places groept,

can use the fact that
I a minor of G

, then

- Es
. 3

and bes are
I is planu

ot planor to show #

more grophs not If 6 has a minor that
plasor.

is not planor, Der

this G is not plazier.
The : A graph is planof it does voi leaved kz or tes Micros T&& energ ! ↓
Wip: If 6 has no his or Rais Minor

,
then it is planor In particular, if G has to

# By inductions ona number of vertises]
or 133 as a mirror

, then

G is not placar.



The : A graph is planosff it does voi leaved kz or tes miso

SKETCH

Wip: If 6 has no his or Rais Minor
,

then it is planor PROOF

# By inductions ona number of vertises]
Base case : n = 4

. Every simple graph on 4 vertices is a subgraph of te Which is plosion

If 6 is not simple, *
Now suppose this holds for vertices -1 .

6 hasn vertices & no

↳s on k3,3
minor

Now
,

piete an edge
, Su , v'3 & contact it to get a new graph 6 :

G 6'
*

-& -
*

* ⑤ &

Question : Is 6'planor? Does
&

a has no his or his miser as they would also be micros of 6

6' also has n-1 vertices. By induction 6 is plosion . Draw it.
&

11

Near
-

v = r

,
the picture is life :

·
= v

not planos !!!To draw 6
,

we want to split vacd v = -

But would & ~
/

·
& v ~

a have

classes : These are the only protes whess I split up and v'

& v

· ul

·
↳

~ ↓

tis himos tiss Minor #

&

The 4/3/6 coloring theoress Lets prove the t colour thm

we will prove the 3/6 colour theore. E: If G is planar, X(6) = 6

-(6) = 4 (I) 6 is planor] # Assume 6 is simple of connected [why ? ]
~

Do minimuse
HARD (connected; if separate, question reduces to connected]

number of colours /simple : case delete all exped edges) .

Induct on te number of vertises with-
1/12/22

needed to colors base case no I.

the vertices of6 &: see lecture on 1/12/20
so that adjacent

vertices have

different clos



Thre : If 6 is place,
X16ES

& Assume 6 sunded connected
. Induct on = vertices of G

.

Base case a = 1.

now take

Assence this true for graphs With fewer thana vertices
,

6 plosor with

n vertices
,

Since 6 is plane
,

it has a verter of degree at most s.

Delete ~ & by induction
,

3 hou he resulting graphe 01 (n-1 vertices in 65]

If the neigbonds of have at most 4 choos
,

then Doe is a colour left for -leasy case
, of 64]

so assure the rigbess have 3 colours.

consider the subgraph of vertises clowed red of yellow and
·

edges between them.↑
If the red If yellow meabones of

G live in different connected

- components of the subsaph
,

we can switch red of yellow of one

component to get no rigbour of
red so can colour vred.

c
Switch & colour.

z
·

~

Otherwise
,

there is a red-yellow path connecting thered& yellow nipours of
v

Essor blue/green nighous are in different connected components

↑
·

··
so com Switch & have color left for

-⑳

↑ or Doe is a blue-green path from the neupour to green
neigbous

Red-yellow
, blue-green paths must cross I m possible as G is plosso.

Idea ; dar paths, cost cross => 3 colores.



Question : If 6 ppl ind room
,

con you find 3 ppl who all know each

ser or 3 who all don't know each other.

a ⑯z

~⑳ ⑧ Rassey
Theory

T *

Yes !
=>

Proof : choose a vertex v
.

There ast 3 redow 3 yellow edges poss- Car Ro a
,

b
, c.

-

W10G
, suppose 3 ed elies from v

.
Call be endpoints ad

,
2 .

Consider edoes

between a
,
b

,

1,

If red edge
ang

and, I ben mess.
[

If not J As T
&

Given a 2-cdoe coursey of ,
can I find a red his or a yellow hi ?

110 ppl in a roo
,

3 Appl know each other or 4 who don't
,

can you lined it ? ]

& Each Vertex has degree 9
.

Choose v.

From there exist riler 4 red on 6 yellow edges
case I

=> =>

First
, suppose there are 4 yellow edges.

a

· b IfI red sales
oony a

,
b
,

c,
d,

Ren we have a real triangleV

b

· C

· d d
v

Des all edges between a
,

b
,

cd one yellow
, so we have a yellow by ,

with

vertices a
,

b
,

c ,
d

b

w

[

&

case z

·a Among a
,

b
,

c
,

d
, e

, f can find either

· b

or
· C

Was ↑
add - "I get a yellow by

· d Immediately close

· C -
- is/-I-

· f
& do

C

⑭



Thre /Ramsey) : For
any

4
,

130
,

I can find a number R(K
, 1) S i

t.

every
z

edge clowy of PRI
, 1)

has a red h
,

or a yellow He

Rh
. 1)
isDesuchmea=>>>-

Stown

# work in KR(k
- 1

, 1) + R(k
,

( - 1)

Choose v
.

From v
,

thereore RIK-1
, 11 + R(b

, 1-1) edepes.

can fixe wither P(K-1 , 1) red or R/t , 1-1) yellow edees.

&If not
,

total edoes fro + would be = R(br , 11 - 1 + R(b
,

1 - 1) - 1 * ]
= deg (v)

Lase1 :

&

-V can find a rad Hi
-,

or yellow K
,- & 8-~ · v3

- addu'd get
don↳

~Rash-, red Pr

2:

Vi, com

- & uz

Horong
,
Run and ared danes oraelea

-or Hc-

&

--
·

Nock
, -1)

T

E what structures always show up in sufficiently large graphs ?

R (h
, 1) = R(H-1

, 1) + R(G
,

1 - 1) using proof of Deoress,
we can find an

upper bousd, Lower
Induction proof : R(H

, 1)= = 2) ! bords are Lord
....

lower Boards for RIK, 11 Insing raders graph Reory)

Thm : R(K , b) <
zk/2

&

=>

·
must be stuff

=> if
nez

,
ther de #2-edge dowings of InPf: were Goal :

O with red kk = 2
*8red

t
442- edse&T



Em : R(K , b) <
zk/2

·
must be stuff

Pf: were Goal : n=2*
,

then de #2-edge clowings of In
WasO with red kk = 2

*874 -

=>

O colorings

=> y

For each choice of te vertices

red
t 2-edst

k2k+z choosing a kn

Graph from
Snap thiskin : From he possible

M It ,
how many grophs are they in ?

Conort 2 red Hi
2 edese

colourisers - #edges kn

of An T -raingele
pos?

For It chosen vertices
, they form a red He in

21-fi)
C

edge colour
sy

Total : [Hed h = (2) . 2() - (2)
ours

-
edsecolorings with last one red by is E Bet Sco

=>

Since each contributes 31 to the Sum.

I we want his
& #red kn = 0 + 0+ 2 + H + 0 + 0 + 1 + ...

colours
n = 2y

-
I
De number of 2 edese I = (5) . 2() - () = + z(colorings with a red here

↑
dais

(m ) . 2

# -El H . (n - 1) ... (n - k + 1)
· z()- Pa

= k . (k- 1) ... 2 . I

R
H

· z(2)-( k ! = 2t
--

H . (n- 1) ... 2 .

T - n = Z

↑-

=E-E

=
2--

↳
2

-

24

I
--2

2

(2)
-

I 2 - z

E . z

=> more ests a 2-edge whoag with no red ken or below to
=> RIb

, H) > 22



Thre : Fy to
. Rese exet graphs with no cycles of both Eh with arbitrarily high-

chnocratic number.

·&
& Fir Ko

,
andfis o

.
Want no short cycles /b less -

& &.Hau h) ,

but chromatic numberr loge.
-

Forn
very longe

, piete a graph o by taking a vertices & for each pair,
add ↓

as edee with probability p = n" for OE=1 12 very small]

19 will be is good cough)

claim 1 : On average ,
this paph created a has at most /K-2)n

*
short cycles.

For each condidate cycle I list of t vertices v
, . .., h)

,

this contributes to one
&

areae with probability pt. Iprobability Bot to vertices give a to cycle]
T

n choes for 1st
,

not for and
~ vertet

Di areage number
#

n -1) ... (n - H + 1)
x J expected number of - cycles.I &

S

oEl =

y le cycles
= k .

2
dat re can reverse ties probability Dat

about order direction Didt ↳-cycle exists

= H

E t (course - enough estimate)
2

But should add up Es .
Ex
, .... Er [discont E

,
& E -not cycles)

Ex-Ext ... +Eppi=
2+H- HAAA

Clair 2 : If n s large ,
G is untitely to have more to I start cycles.

Markor's Frequality : Plat least Short cycles),

I'm most case
,

where every E = Ep + o(l - p)

graph has E or zere

short useles] Murtor :

pe
2

. E = (k - 2) n
k2 - 1

kE-1 = 0

W

so as new , p-to So G unlitely to have short cycles.

(if you decrease p s. t . no shoet cycles ,
will not have high chromatic number.]

=

claim 3 : Ifn large ,
men with high probability ,

6 will satisfy

indu (6)=

Why enough ? Pets our 6
,

it will have no more thanE short cyles.

Deleat a vertex from each cycle .
Wall te resulting soph H. If now has no

shoet cycles · Want I to home high chromatic number
,

-(H) ~. As

each colour is in an independent set
,

its enough to

say
# VCH)

indu (H)- Isince eachwhour class is an independent set)
-

Non
,

can't fid out all vertices with independent sets.

will imply that < (H) > ~



So as at last I vertises left in M,

indu (H) = <(= H)

& ind (6) ind (H) ? It created only by deleting vertices.

True : we notI by deleating vertices = Vertex independs mer cont so up.

Note :

pooy before ,

red edee or sellor edue. Now edee or no edoe . Sore as finding a
z

yellow Eg . Very
similar

dai
For

only given vertices
, probability that they form on independent

6 There are (E) edges , for dee to not exist 11-p)L &

↳ El pobability set

-> (l -p) of size/Er

Expected # of such = () · (1-p)
E choosing froma

independent sets - [ 3
C

host case secario : E = 1 . Problindependent set) + 0/1-PoblIndepent set))

(n) small # independent
Markov => Prob(Eudpt set) = () . (1 - p) sets = him

chietze

= I :/1- Indect]
number.

-o
n - &

wis:hi /-
I see notes]


