
Multivariable calculus summary

-meconvergence of continuity
①
ouspropertiseit in UEC0 JNEN S.t. j, N= kj - x1xa
·limits are unique in "

*
Piet 3 =[k-ca).- xdj- . For jmax SN,N23

1x - 51 =(x- xj) +(xj - 52) =22

·componentwise convergeele. ;-> x ) Fit?!,...,43ij= :
⑪ , i, kaj-gcl =9 as a- x

each component converges so N: Max EN, , . . ., N,5, j3N 1x,-xj12 9
n

I
↳

kegt=([,1-x) =(n92):E
·

sj-> then abod

: if xj - x =>(j)- (x) /because (1xj1-(x1) =(xj - x) =1)
kij1, KEISo year one says kijl bounded -> C; bbd.

· Bolzano wewstrauss:Bld sequence :EIR" has a convergent subsequence j,
#:n=2. (aj, bj) bbd in 12 => 19;1bbd in 1 => 3ajp -> a

thenbit bad -> I bin, - b. Yin, -> a still so (sn, bjnn) -> (9,b)
·

sequential,
and 3.5 continuity equivalent
suppose fits at CER"&<-> c, write out dy, put NS.t. FRN,

In- c18 => Fn>N (Jkn) -fx3128 =)f()- fx)
> Contrapositive! Suppose is at SER". Put a sit. VS>0

Ex s.f. (- cle 6 => (6xx)-f993), 2. Piete can sit. In
- 215, but

(f(n) -fcc3K, 3.cn -> cbf(x)=f()
· continuous himit:pf"):g i VECOJSC0s.1.x1U 0xk-p18 =) (f(x) - q1 x3
· separate continuity:f:I"->Iseparately as at (90, you if to dis at

· Domad h yj:use real valued analogues of sequential for compensation

ty -

g :ECI
->IRats at a②icymultivariable byw

Desion1: U; ->R (Vies!...,n3] Ui =31,...,n):E3, f(x,...,xn) =:g(xi)
The fits on 3Cx , . .., n) GIR":xi =a}

Don'tquote explicitly. F(x,y): Eys is as on 150,03: quotientof perposesals

8 lines/hineorcty:fats along linesatso if flsottr) as attwo for

every choice of VIR" v,

((x +(r) =f(x) Frel" *

so

Vz

-3

④-mplesfor implications:



-topology boisies & cy

⑤deed"jex.j -". Dan a
· XCR" is open y FxEX, J30 St. B(x,2)CX

equivalenceastradationbyadisintj-yj lime,yXclosed so
W jeo

· An orbitory union of uppersets isopens:UI open -It opens

:put=I1*cl s.1.pc U5 openJE s.1.

B(p, 9)CUsCVI -open! De Morgen's las

·I rigbourhood:ECA". Given so, define s-neighbourhood

N(E,2) == (x,2) ↳
·Finite intersectionof open sets open:U., ..., Um open isopen
:p=MU; 732,30s.t. B(p,Ei)<U:. Set E=mine, ..., Em3

m

WhenBIP, 5) Cj?";5 open

For arbitrary in closed - closed, finite U closed is closed use demorgen.

·Openball's open

-2
:Picks ye B(a, r). Set S: r-ly-al. ClaimBly, 8) (B(a.r)

A

·y
Den x+ B(y,S), (x - a1 =(x -y) +/y - a) =f +(y - a) =w

⑥byopen/cessed sets:Following equivalent;(prof non-exceab]
Ii) J: 1"->IRAats on all of I

"

(ii) open subsets U of IP, I'llopen

(iii)A closed " F I

IF) closed
limitlies in I

-2⑦itysevential
was

partnessname;it isthe
· XR" bbd i JM S.t. FssEX ke1=M
·

H.C.,sequentially compact it is closed & bod

32
=listthereallycompeteinanin to. We

e

I suppose to unblod. Then Jos et s.t. lag, jFjeIN. It sequentially compact.76- x=) 4bbd, 3m s.t. kijpM tkaN.

Mc, kjp jr H ReN A In bbd
Assume to closed & blod. Bolzano weirstress:jojs -> x +is (closed]

· Cty preserves sequential compactness:((t) sequentially compact if it is a filt-ds
· Extreme value them:ICIR" sequentially compact. [attainsbounds]
⑰ 6:H-> 1 its. J221, x * GH S.t. f(x) =f(x) =f(t) fact There are sequences

⑬ Jik-scs 3xy,c*ct s.t. (f(x)1 =1f(x)) =16(1)) Facetsmost lit obtains
Sup 6(4), 58(7).



-
m the space of linear maps & matrices

⑧ As:AELIR", 1") A =(a,j)
· I11ajII,=(,dijn) (Frobenius norm]

· All:sost , lArc (operator norm]

Properties:
&1A11 =0 ES A =0

③11aAll:1aIllAll
& lA+B1) =11All+11B1) :((A + B(cc) =(Ax+ Bxc) =(Ax+(Bx) =(1All+11B(1)ke/
&HABI=11Al IIBI

⑨ Atquity:Exactly the same as before, just w/our our worm!

J a.,(x) -
- - d,n(x)

tan
xts Inice" anncassI :U-> IR

continous at as if vi,j at-dijladeamentwineeaDeterminent1:(***-I,
in a variables an...., dn, 92, ..., d2n,..., an ..., ann

⑩ lineargroup:
easy to streets group...

n xn
· 6LIn,R) =3 AtL(I"):A is invertible 3 =3 (aij)tI:det(aij) FO}

N6LIn, IR) is an open subsetof Is
"*

:8 6lIn, 1) ="(11303) & 1 cs GRR1303 open & f'open) =open
SB=((1"): 11B-All =x3 <GL(n, ()

· size of an open ball in GLIn,1) (how much wiggle room do we have?]
Given AGGLIn, I), i BEGLIn,1) and HA-BI= =i'll => B invertible
Moreover

HB-All=0 = HIBIE-All -measure of injectivity-
&x =A(As) =) kcl =llA"IllAs) -> GKclElAsel FastIR"

If x+0 & 11B-All =a=

1 Bx) =1Bx - Axc+ AssI>, lAral - 1B-A)al <(X-1B-All) ks1 > 0

so Bx +0 =>HerlB) =303 => BEGL(n,1). Replace is by Biss in above

(x=1B(Bx)) (a - 11B -x11)(B-x)· Ar-A":GLIn, 1)-> GLIn,1) is continuous.

B:A- B=A"BB" - AAB =A"B-A) B"

Run aABABtestin. Even so setsimms,
unificen

A by onl

⑪Echitz:J:U->I" lipschitz cts on 4 of JMCOs.1. 18(9)-f(y)1 =MK-y) Esx, yeU

e.g. AGLI") (Ax - Ay) =11A1Ks.y1 => hnearmaps lipstictz cs.



-4- the Derivative

Britionalpernative:2.f10tr)/,eeeedmanymaybecreate
e

⑬ het)Derivative:J:U-SA differentiable at U of SAELA", BH) s.t.

him(f(x +h) -f(x) - Ab) =0
n+ o Ih1 #(x)

· Uniqueness:

*Isuppose 5A, BE LIM4,14)=ilithat
&Set1 =B-A. From (A):0 wi lIN11 =0 => A =0. ~room def

L

#) =) Given 220 JS S.I. Ot8 == 2. Takes yes.
sethy =zz =(y1=2= =3. Note: Ahy=Ey

. 81=Innggeinewantme samemalariesne
:If diff at = UECO JS10s.1.(h1 =8 => (((xth) - f(x) - Df(xsh) =[(h)

...
-) (fkth) - f(x)) =(11D((x))) +E)(h)

② Set So:min?st, 63. Ih1 S==> If(xth) - f(x))=... -a

⑭isdirectionaldematesrelation.Itisat Gf(x) bre
Ilinearity boom linearity of DJKs)]

B: UFO h- tr => fka+t)-fKs)-DJK)(t) =0 =hm Aig() =Df(x)w(12)
DJK)(av+ bo]:...

t-0

-

chain rule:6-f(x) =f(x ++ x)/z=0 =Df(x)(x +()(7:0 =Df(x)v=) Wuf(x) =Bf(x)v

⑮dernalinesdeadst,jade materection
; 5 basis rese

ri=(i) -asan
· Jacabiar matrix at Df(x) of J:U-> AH (f(x) =(6,(x). . . .,f,(x))]

2, f,(a)) ... (nf,(x)
2f(x) = I 2,jcss.enjaces I

· Gradient atse, fax for J:U->Iis Jess =(ei) = 16css+
· If U-> B" differentiableatCU, he",

D((xh =2f(x)h
-

Lineartrap matrix (not standard basis]

:h=h,r,+...+havn so inearity of Df(x):

DJIsh =E,4,Df(x) vi =EhiCif(="Enf(x)fh



⑯
Uci ↑asset his

-·meticapparate...E": "in""",n,n rr-i
UC A* UcIRt

jeulurltkunlu,)amale e 0 g

⑧LetUGen -
⑤ CIRm

J:U- Itdifferentially at2 =U L

↓(1) EV and giv->IRM differentiableatf(x) => goy:A"->I* differentiable atse

Call use in

PDES 1eA
=

Dg(f(x)Dfx)
or2g(f(x)). 2e verysolutions...

specialrose-1, P(g((()) =g'(fxx)) 8e
· YK1 =1

Is
for CCRY (Setjkx) =ksR, g(t) =v,g08]

· r:- 1", J: l"-> R X((r(t)) =0f(rx+ )).r(t)

-neededin procy:
· J: U-IRP, EU, rco s.1. BK, r) CU. AGLIR", R"). Desire ..):B(0,r) -A by

1x,af(h) = EIf()
- Ah

h =0

0 ·j h =0them is differentiable atas with DfKs)=A T Si,Af ofs at
oneallowa

· : (n) =1x,f10) =0 F) Df() exists and equals A.

S(n) =33(h)y()
0 =1h 1 =[

0 6 =0

3:Br1503 --I bbd, 4:BBT ->RYis at OcBr, 4101:0=) 8 as atOCBy
#:8y its at 0 =given220 70 (0,4) s.t. (hk0 = (y(h)1 =a
② 3 bbd => 3Mc0 s.t13(2)) =m the B,)303
③ so 0x1h0 => (S(h)) =M2, Beat is MoS(h) =0 =S(0) E) S its at 0.

If exists on

J:U- iP.⑱conecoinliesalongatmelightise Weberesuppose jacobian matrixbfly) exists by cB(r) CU and f is at sce

thenI diff at ic & Df(x)h =2 f(x))4 sppse mis exists the IP"

our guess for Df(x)
e

#: In =2, 1 =1) Defore1((h,hu) =f(x, +b,x +hz) - f(x,x) - (,(,f(x,,x) +bnbnf(x,x))ta
Split!

①Only Grow PDsaloxy af's J(x,th,,tha)-f(x,,1)
=2z)-f(x,+h,,cea)] + I-

(x, fixed] I (f(x, +h,,x2)- f(x,,x)]
& MUT on 61.,x2):70, (0,1) s.t.I =f(x, +h,,x) - f(x,,x2) =h,2,f(x, +0.h,,x)

MUT on 8 (,th,,.):J0(0,1) s.t.I =f(x, +h,,x+h)
- f(x, +h,,x) =hzbzf(x, +h,,x +0,42)

③ substrate: 1f(h,,h2) =h,(b,f(x, +0,h,,x) - b,f(x,,xz)) +hz(zzf(x, +h,,x+0242) - 2,f(x,,x))

④continuity 2.5 and but at(0, 2):Given 220 J50s.t. II,s8 => cty aboutP.D. (2)
ICh, 0zhzbk ICh,,hall & 110,4,,62) k Ilh, hell so by cy

11f(h,,hz)1 =(/h,) + 1hnl).3 =EE/h,,he)) => whe) =0 =DfKC) exists!
⑯



k']

⑲ziesandMerenticateandone..inPisa ata re
bit;all dis

· practically streate a differentabily by computing PD, of checking as
U

⑳ ·
- Value. Inequality;iteased,itpath" in-·y

If(x) - f(y)) =M. Length ((xy) Coy:r(2a,b))
easy

[chais b
b

rule]

:

If(y)-f,clsat=agiraasresdt=[lagiriIIIcesId=mIce
Locollories:

-differentially path connected & 28(s) =0 VccEU =f constanton U.

· Itissireninputbetween
Mio in page aree ⑧⑤x

· UCIR" convex, 116(k)1=M => (f(x) - f(y)) =M(x -y)
:Gah((oxy) =(x-

y)

·eatebead(oschtz)bit=
0 f doesn'tdepend ene

UCA" open, path connected

underline:V(x) is a vector

⑫ sitions: "attatched"at x.
· Venter feed :U-R2 was-(ii)I am can have mute percentsat ins
· path is v:(a,b]->R". Gore is incess of a path w/ specifiedendpoints. (py
· path v:(a,b3->1R" is regular i v'(t) F0 Vt=[9,b3. Im/regular path) =recutor curve.
· If visa, b) -> 1RY is

a regular Paracororcure
CCDi,

I dt

· componentof vel" in directionof unitvector exist
is me.
It reaso

·

y(n)
=[Irctildt is are length parametrication. 7:10,2] -> i2".

Unit targettopay aty(s) is g(s):ECs). (I9(51). 9(s) is targential componentof Ion (py
· iallineinterial:If I along (pa

L b

jesds=dt EfirsasIr'sde
· Orientation

definition compute.

S du = -p da wingineer
e

·

eaai,yct), rit):(, ), Nit)::le= (-)
· Flux of Xacrossa move ((V(f()).nisids =1v(rit)) ·Nitdt

·

Riwhere win,is surface paraet

n14,2):t, dArdade
· I vector field, surface s

1,2.nds:Flat -across Si = (), v.ndA=f( vircu,v). (*) dude



y-1,3) (B.1'
↳attheIntegral tonesesof vector calculus

W -

⑫tmfor a rectangle:I placer vector field (a(s,y), blus,y)) (2,3) GR, (B,3)
B <

Edeseeddatee
IregionInormalStd: basingacases -e

⑭yidUnitnormal: I definity
functionof seti

· Aregionin IR" is a blod open subset of CIR" sit. If: 1" -> Iw/ filowing
outword

8 all partial derivatives of f dis

unitnowal) r =3x = 1":((x) =03 4
x+(p)

toat p.

↓ ⑥ VJ(p) =0 7pe/"303 = SxER":f(x) =03 Nota· n+(p): =(as us desires Dis] is just fied

Note:5820 3.4. f(p+tm(p)) c 0 for oxt=S, f(p+tn,(p))=0 for -sxt =0

· Grt=J"303 is the boundary of 2. (RUGM=o]
②
arein Des placein

·V=(a,b), wr!=-
· or CIR" regionin IR?Regular,Parametrisation:(a,b)

-> 1R" of Li is

positively oriented if tp:= irl is a positively arented unit tangentventor
to

I
2 atr(t), t

y
=- (n+(p)

e.g.
- /Green's thm for planior region):i CIP" region. V:U-SI be a ctsly diff planior&"Statement vector fieldon 4 which containsto:iU80. Thenculation

of Green's -

turn, coverally () wrl(vis,y1)dAsy =f-2.t+ds =fw.drdefrag all
tersesinvolved

-

S 80 2

where s is the arclength paracaster along for, is a positively oriented parametrisation of
wer and the owed dAssy can be written as didy.

· Divergencesin the place:
· dir():0. =bit....2xn
·

Irauss"theDivergence imhad planoregion),in a regionin I. :U-IR" dsly in

S(v.vdA=St.neds :apply Green's than tot

↑ (r,0,z) =wt(1,2)
r Los Rwhere itis the unit outward normal to E I~Sin R I 0c(0,2+]⑯ Divergesin IR: Z =>E [0,2-r]

-

· (Diverserves this in 13): on a regionin 13. I:U-IRB c'vector field on us inon
Z coordinate(S/0.2dV =(v.ndA can be dependente

store itis the outward posting unitnormal to me, dV s volume elementof
zu

spherical cylindrical If you permetise a value

⑨ - (x,y,z) x =rcSO sin C:rcos& by 4(r,0,z), hea
↳

y
=rsino sin o y =

r sinc
dV=1det DY(r,0,z)(drdddzr

z =
r cost z =z

-
S rydV=rsindrdOdO du=rdrdOdz absolute value of me determinalof ta
C jacobite matrixfor 4.



⑬ vector field concepts:
·

if a vector field 1 =

IJ J:U ->RR. I is a gradient field. I is his scator potential
=>>

· (FTC for gradientfield):Jil ->ieits diff, CpqCU
b

(py.dr =f(y) - f(p) =f(r1b)) - jrcass =tercessdt=farces--esdt
· If C is a closed curve (PJ.dr=o

nativewesterWilde,
are

is conservative I fr.dr =
0 closed curves (

dow2.dr is independent of choice of more (py in U

:ansamer
a
selandthe entityda. See-

8

I

conservative ->0
=fv.dy =(dr-

Take a closed curve. Param:J:10,13 -> U H10): 011).

2
Let r(t) =f(0) It Wit) & rit) have seal start and pts.

⑧ I

· Fay od-= IIUd=IgA=0 (aa=0]
point

· Vil-IR" is a gradientfield Ex I is conservative. (v =1) () fovdr =0]
:=)v =yf =>(f.dr =0 as a closed.

If I conservative, puts pell. DefineJ:U-IR by
/doesn'tdepend on

*jaczeis f(x)
=

Sdr path=umbiguousig.e
x8 ·Is

eindrae en Straightline
...

Ivercess.eidt · 8 x +he;Eigenen so the test-fr): i (i.v:crcssdt)-asdt))..:I
De lopersch

↓

16 =0.186) =. vi(r(0))

⑳andfactionsplais's equation, solutions and harmonic function
· f:R"1303 ->I is radial if Jy:Rco-> I sit, JKx):4(K11) FxseIR"303

Xf(x) =y'(kx1) V(x) =
4'((x))23

1x |
· Gradient of harmonic functions divergence free. 0.1 =b.(1)) =1) =0

Br
i

0 =x-n+dA =((yjx).ndA 0 =S/r.dv =ft.nd- - -
-

- LIBU'R*dASfy'd
LIB,

radial harmonic
Xin =>0 =2(R). 4R* - 4'(l)(4)

functions on~ IRs have
ODE:4(1) = - " +b =f(x) =5 +ba

hisfor.



-
second Order Derivatives &Effiedossjat ion

· LR", R) =(R2)*(space of linear functionals on IR"]
non- exact satell

⑳Hessief ate, of diff at =) CH L/R",)*)
him (-DJK)

- Hach1)
=0 HiDIh|

Hessf(x) = 22f(x) = Iwit:"t"he
(2)

I Itseethe I
-,andinorderat

Pacedenateanewestas
a

genee
⑳miesof incesses:4: Uav bijection. Dif of sec. 4"dif aty =0(x) =u

Dea DNKC) and D4"(y) invertible --.

↑(4"(y)) =y =DY(4"(y))0D4-cy) =In = (D4((y) =(DT(4cy)))-
U

B)Functiontim:UCI" open. Yec'(U,M"). Need to

assume thatinvertibleatpau(det(4(p)F0] -⑭Fiber
be

e

Set 4(P) =g. ·
Local
bijection q

(i) Deen have neighbourhoods aroundpdf sit. P:Np -> My locally bijective.
(ii) 4": Ng->Tp d diyand (DY "((y) =(DY)4 "cy1)"by cNq
Note:If the derivative's injective (dits) => I locally injective

⑭:prop 8.6.1, se O2 Assignment· F(x,y):c & schibey thisimpliedequation,
what conditions do you need?

--ImplicitFunction Theorem
Lequations, n+1unknowns

I
" I'
↓N

⑬Functionthen? 1-**3 z=(x,y) F:A**-> I "

F(x,y) =(AB) (
"

) =Ax +By =(G1) =

y
=B)<-Ax) (if invertible)

· If we have one solution(10, y0) to F(x,y) =c. If GyF(o,yo) GIR" invertibde,
Ben can solve for y

is leases of a near so. Precisely, Jopen set No CU,
& Jgcc (N, 1R') s.t.

is toneset(i) g(x0): yo & F(x,y(x)) =c vcctN,co
why
sameties, (ii) CyFlos,g(s) invertible, Eyss):-Ry F(,g(s))".G., F(9)shiped by za4e? diefwits I
: F(x,y(x)) =F(x,y(x,()) =2 =

)(x,F(x,yxx)) +(yF(x,yxx))2y(x) =0

⑬afunctionis a submanford of Endidian space when?

Had... Do examples...

L



isionreduceLedisi f(x,y) + (0,0), 110,07
=e

(as in 4.3.8]

I know all these pros

E

continuity E diferentability
Ho ↓o

E

continuity along linesE directionalderivative

No No
separate continuity partial derivatives

0 Question 3 Examplesheet 4 (for i my examples]

~ Question36 Assignment(

· Quation 3 Example sheet 2
Joy in terms open of dosed sets.

~ Proof of the extreme value trees
Betzse

0 Question 3 Example sheet 3 (show A is injective;
arlywaistrauss

~ Review all derivative definitions (differentiability, directionaldernative,
postial derivatives, gradient, Jacobian matrix]

0 Example 4.3.2. f(A):A* Whatis DJCASH, calculate her DJ (In)

0

Apply inverse functions than to findsquare roof pi:In, q:f(n):In
/see etarn ever document]

~ 4.6.2, 4.6.5, 4.6.4 (computationsusing chainall]

~G1, Q2, 03 Example sheet S

↓ al Assignment 3

to proof of generalised mean value inequality (prop 4.8.17

- Gradientof a radial function. Horndla 6.14]

0 G1, Gb Assignment 4

001 Etamples sheet 8

↑ aand 92 Example sheet?



↓ 02 and 04 Assignment 4

0 Q2 Example sheet 8

↳03 Example sheet 7

~ Q6 Example sheet4

~ PDEintegration by parts & Exerme sheet 9

0 01-3 Example sheet a laradient fields its

0 calculationsw/inverse functioncover. Example 8.3.2

8 09,910 Example Sheet 9.

0 Example 8.6 in notes.

O catulationsw/ implicit functionTeorem. Example 9.3. I

0 local percasetrisationof a level set is by meases of implicitLationBoxers.

5 Relationof Tac with her 8F(z), z e4,:F"323

↳ Proof of at lost one standord becomes.


