
leAnalysis Summary
I-Kapter1 - Review of Basic Complex AnalysisI takeh (i)

& : Mc Kopen ,
fir -> compled of ter yhi e

# vew f : /"->I : If complet dief) #S ( + real dry <Muc (& cauchy remans

(& fe := i) ;- = cr : + = 0
,
+'(z) = t

N-helomorphetcmdet di
ze = ne

&

---·

4U503 -

--
.

② 2 . 1 : Stereographic projection it :S'
o

(x,
x,&

↑(x
,x

,%3bijection !
--

--
-

-...... ⑭ -
Zi

-

O 2

#(x, x
,
3) = (H(N) = 0) -
I

&-↑ "(x + iy) = ziz)
③ D24 : Mobius transformations : do-> Do are +17)=, ad-b

N : bijective ,
its & inverse => homomorphisms > Emobius transformations ?

group under composition
-mi

m = (b)-> t(z) :

b
group somorphismnis& PS((2

, 4)
Set det = 11

- -
-

divide out by #2, 4) > S((2
, )

PSL (2
. () : = SL(2 , 4) DEF13

hernd of map

④ 2 . 8 : Four elementory piobus transformations
Im2 . 10 : circles inDo preserved
under mobius transformations

#: obvs(il-viii),
Liv) - itsa 1800 rotation

& cirls/ lines

(i) Translations z-+ z + b b 4
I preserved by

every mobius transformation Stigraphic(ii) Rotations z1 e0z OE IT can be written as me

↑ I expansion(iii) Dilations z + +z
01/ contraction J3

(iv) Complex Inversion =1-
,

1800 m x
,

at is compositionyesa

⑤Hem2 . 12:

Every mobius transformation (bor Id) has E51 , 23 fixed pls . It z
, za

, Z
district us f(zi) = 7 : => f(z) = z Cidentity)

# bin,assume nomeness
② o = set = z

, quadratic formula => two solutions which could conside

⑥ 2 . 13 : J niobius T
mapping

z
,, z2

, zze Ka distinct to 1
,

0
,
0 respectively.

z
,
+ 1

, 7,+90, 7348 f(z) =
#zzz , -E3) + : construct !
(z - z3)(z

,

- z)
&Im2. 11 : It$1 ,

2
,
33

,
7 : distinct , we distract in Do

, 7 unique mobius + S . t . +zi) : wi

Pt: Existence : +
, (z , z2

,
3) = (1 ,

0
, 0)

, fz (w, Wa , wal = 11 ,
0 ,%) · +2 of

, works
-

Uniqueness : +
, g

bath zikewi · g"of has 3 lined points => g"of identity #



alclasses of Mobius transformations :

-·

Cayley transform : (Im-D bijection
--

-

f(z) =
-i --z + i

-

- --- F
#: f (z)t DE) ( +(z)) = 1 Es 1z-i) = 1z + i)) zeltimco

· Bare hands : D -> Himo -
i

i -·-- --

- --f(z)= - - -- D
I

&
-

---
- i
·

0

# use 81re1
,
-it so

,
it # -

· Bijections : D-> D
,

WeK
,
lwk I # : 1z-wK = liz-11-11-1ZR((1-1WP)

Schwartz Grama

+ (z)= 0] = pose are me If/zsl= 1 ER(wir
ONLY D-D
- 1nz - 1/2

etf- reme ingidity
· Bijections : Hima> Him

,
of umper analysis. 1 - 1wRcof((f(z)) = 1E)1z1 = 1

f (z) = 1)(z1 = 1

PSL(2
, ) = Sbijectionsoatime 3#: Note a , b

,
c ,de so real

Deal
- -

PSC(2 , () f(z)= bzi+ adz + bcz + Ed
((z + d) 1 <z + d/2

I
SL (2 , 1R] => det = 1

Imzo↳maint nameneed 1 S/Based on Fm( +(z)) = m(z) => [m(+(z))0context)

- open preserves andles
zen ↓

⑨ 2 . 25 : fi n-> I conformal map in + helo. & fl+ 0
(7tHem ,# +(z) + 7)=mo

me

↳ z5z not injective so define...

⑩ Deg 2 .
26 : f : ch

,
->M

,
N

., ,
CK open is bileomorphic of t is-

a bijection st . both f and f" are conformal mops.

⑪ 2 .
27 : Twe domains or

, is are conformally equivalent of Ibitolo : m
, My

Note:?? I every bijective helomorphic + is automatically bitdomorphic-

B + "hotomorphic & devinatives of &f"never vanish comes for free.

⑮ amples of conformally equivalent domains the together zz mobius

above
.

Benare of using
z1z2 and forgetting 10

,03 . "Jars
-

unter-examples: Domains not cont . equi. to D. ·
Louville's

notDr = K
,
If 4 : K -> D bihdo

,
then entire

,

bbd I constant => bijective
- but = not
topologically equir

onFe connected② = Annulus not even homomorphic to D
.
O - simply

closedis path⑬ Simplycondedinconnecteddenb
,j =Ulti

↳ intuition : doesn't contain
any

hols
. & Est (0, 13

,
h/s

,
a) = J,

(a)
,

h(s
,
b) : J, (b)some endpls -

- I same endpoints
note :
-> U., 82 homotopie if Th : 10 , 13 % 19 . 65 - 0 S...(a , b)

,
h(0, t] = 0,

(1)
,

h (1 , +) = 82(t)
interpolate from 8, to 2



-per3-Review o basic complex analysis It
root test

f(z) -

⑭ Powerseries this : - Converges for
I - (z)= R

·Can) E K
,

radius of convergence R :=~supla 10
,07a-> diverges for

& - is hole on Br(0) , +'(z) has same Roc
.F 1z1 - R

· f is infinately dry & +"'Io) = ann !

SazEBanz on BlC· fre o
, m) ,

have unfores convergence :

⑮ Function defs :

·
· z = 1z1e

: 0

,
0 = arg(z) [IR/12+1) · Beware ! Branch cuts I principal values.

· logz = log(z) + iarg(z) (modulo Zii ·

any multivated Recal :

o : complex internation content assumed from analys /ESypf1 - Campa (8)

# 3 . 10 : ↓ ( K open , fir
- 4 cts

,
F : r > Cholo. F'(z) = + (z) . If O purc

closed curve in m
, then Stzdz = 0

b

Pfizdz= SjF(z)dz =(F((t))(dFd = F(b-Fa=

-hapter4 - Winding Numbers

⑪4.
1 : /Listing Lemmal U : /a

, b3- 1503 as
, for PER s . + · U(a) = 18(a)le

: 00

&

Don Junique as 0 : fa
, b] - R St Ola) = 00 & ( (t) = (((t)/e

: 01)
V+ (a

, b]
Pf : non-examb ·

Can now unambigiously define change in arguement alongos path

⑱ 4
. 2: V: /a , b]-> 41503 its

,

0 : (a, 63 -R lit from 4
,
=(U) = 01b) - O(a)

note : no zit ambiguity.
⑭ 1084. 3 : J : /9 , 63 - KISW3 closed os path . Index/winding number

of g around w

dist to

Smallpeturbationdby I=( knet y dog lead treew
--

⑳4. 6 : (Dog walting) J , J : (a
,
b] -> 1303 its closedpaths . (U(t)-J(t) = 10(4)

VtE [a ,
b]

, youthen [18. 0 : 115 , 0 u
log7

&: OH
, Elt) Lists of ang(U) , ag(j) .

<(t):= CE) - O(t)
,

o (t) := = 10(y)e"0()

-

definition
me#FI

Ia

B

definition avoids a radial line
out to &

--① Wingnumbercenton each unneede~

11 open in K--
I- - ---

·= 11hi,17
--

⑫ hm 4.
10 : WE K

, Jo , 01 : (a
,
b]-> K13W3 hometopie as closed paths . Then I(00 ,

w) = I (0, w
It U homotopic to constant path => F/U, w) = 0

↳> 4 . 11 : Mr C& simply connected ,
then two DIO

, J : (a
, b)-> o its closed

/

w
- - then I(U, w = 0 t : simply connected => every path

shrunk to coust
, path-

&
- - -
- j < continuoussoI 7&⑨ =

- -- ~ : translation => W100
,

w= 0
. U 1, Uz homotope=Th : /0, 13 + 19

, b]-> C1503-



s .t t)= Volt) ,

h(l
, t) = 0,

(t) Vela
,
b]

,
h(s

,
a) = h(s

,
bl = 20 FSECo , 1)

-

interpolation Lived end pointzo = Jo(a)= Volb)
· Define Us : (a, b)-> $1503 by Js(t) = h(s

, t) . WTS I (Jc ,
0) constant in S

.

= 0, (a) =8.
16)

· Co , 13 x 19 , b) compact,h=
achieves infrum 0

. we omit zero unitentuloa
-

· h as on compact domain => uniformly de =>
JSOS. t . FtEla, b)

, Es , 52 (0, 13

(1s.
- Sk = S) => ( (h(s,, +) - h(s

,
+)) = 2)

⑳ Winding eque
-

· 10
,

152 -Us
,

(t)) = (h(s
,,

t) - h(s
,
t))=    , [(0s, 0) = =(0x , 0)

-

dog walting St> I/Us , 0) constant
⑬met. 12 : WE

, V : (a , b]- KIw3 dedpuct , Hom

If it#: Translation
=

> W= O Whoo
,

assume not piecewise .

Winding as an integral
iO(t) -CIJ .

TateOlas
(#)

jQ(t)
School cale => Y'(t) = ei0(((t)) + 10(t)) : 0'(t)e

But = log(((t)) + 10'(t) <simply divds by # #b

-t=Slog(((t))
+ :0'(t]dt = 0 + i(0(b) - O(a)) = if(y) = 2+i =(8,8)

-apterS-Cauchy's Theorems

& Ihm3 . 3 : (Goursat's thrn) & CK open ,

closed triangle TCM. fir-> holo .

X

Then

S +(z)dz = 0 ·2T ⑮To
& Divide T into To

,

T
, Tr

,
Tz . By edee concelation,

:
③

#

-> ego put largest : 1/+1zdzd =4 doa Tz

Iterate
,

T
,

CT
,

etc: nested Sequence T"v/ grom decay
T

, , Ty
, Te
a T

, Ts

diam/T") = 2 "diam(T)
,

(185 % ) = 2
:

"L(GT) (lneth] -

and1 +z)dz = 4"(SPzdz) ,

te
,putzetDamozcachy

IRIz)= Elz-Zal
-

#ly complex diff at zo : VEco ISO S. 1 . VzEBj(z0) ,
f(z) = +(ta) + (z - zo)f'(zd) + B(z)

For losse enough n

↑ EBj17o) :/flzdz = (Hz +z-zfz +Rz]~d = 0 for n + - 1

2in
254

= (1z0)-t1zdzdz+ +zzdzIRAs anmas value integrand
-

Contelling (ff(zdzEEz-zT) = E . 4 (dami
-

= diam (T") = Length &Th ~ Led
E- O

=>1/
+
f(z)dz) = 42 : 3 .4 · (dam (i) · (1851] = (2 -> 0 *

arbitrary
& S . 4 : ↓ CK open is a star shoped domain of JZ0EO S . t

. VZEM (20
, z] Cm . Zo is called

-a central point. - Goursat's lets us construct live segmentL Wo
um

- antiderivatives for its functions
&· Zo

on sufficiently nice domains



⑳ hm S
.

S : r C Star shoped , fir->K Its
. Spps &Triangles TCM , Sf(z)dz = 0

,

then Jhelomorphic F: - I S. t . F(z) = f(z)
.
If zo is the central point of or

then F(z) = Szdzworks U (t)
= zo + t(z - zo) for t = (0 , 1] v/0 = (20

,
z]

writes separate integrals (Eth, zo] [z , z + 4]
- [20 ,

z]
Zo

⑧z + 4
- -

8 Fir zer
, pict ros. t . Bi(z)

. Triangle -
know Stzdz==-Students - F(z)S

I

Also
, SUtdt = (l-U10h ,

note that f(z)s a functionnisI (h)- F(z)-f()) =- zdma i-
wt(z

, z + h]

&3
. 6 : take + helo

,
then -F helo S . 1 . F=+, F(z) =Sold

&Imm. 7 : (lucy's this on star shaped domains). ~ star shaped
,

thelo
, JEC'pr closed => Stzdz =o8 Goursat's => FF hols v/ F = + & apply FTC & chain rule as in

r
,
= R

, = Ry = 12

⑳ S .
8 : /Cauchy's thm on Annuli) .

-helo on Ar
,

r
=

= EZEK : v
,

= 1z1ru3
,

Men /zdz =o

8 construct a star shoped domain by subdividing A until Fj(zdz- Aj↳ Idea : breat up domains until you actieve star shaped ! (QS. 3)=

-
.

-
7 --

⑲ Im glauchy'sinegl formulamadec open , fire o a
·
S &. &

!
# Pete Sco s .. Bylt.) (B

.
(a)
f(z)=
- Note that >

f(z)-f(z)
is helo on M/3703

,
interiors gz - Zo

centralpoina
U ,
and Is are star shaped so for KE 31. 23 by couchy

fl
- (· Szidzdomain ! IT

0 . &82 cancel

here a As -> zo, fz
7 L lengin

S - 08 => IRHS*is- 0
- ·

- I so rearranging, def winding #1 --= dz = flz)LFB(a)
, a) = 2nd

U
> a
-

-> per6 - Taylor Series & Applications

& Ihm6. 1 : ↑ C Kopen ,
fir-> Kholo

.
Belzo) Joh

, Then f(z) = @ap17-zo)" zeB
- (20

- dw k = 0

~ apzilo
,
ze : Se10, -] by cauchy's turn on Annuli

↳
↓6. 4 : - is infinately differentable

↳ S : UneIN
,

can

say hatt d= and!
says mat f holo f analytic , says analytic => hor. Equivalence from Theory !

- -

complet diffzen exped
Of: Translation = Zo = 0

I

11 = 0

+(7)= w
n = 0 -

G Br(0) JU ...



cont control of ate
-

& 6 6 : Hm = 19 Ind
I
↳ 7 : / Louwile's thm) bbd

,
entire => constant#: write as taylor series

,19[*
&Im6

.

9 /Moreras thm)Mop,KataT dAnthen,

8·a Pf : Wis + holo at a fr
, pict B(a) <v

,
=> Thelo F : B

.
(a)-> & S . t . F= f

.
-

- Fhole => Fo diff ,
in particular

,
- complet diff at a

③
:bellally invealewe n Vog z

,

v, t

-

Revision Lecture~hapter 7-zeros of holomorphic functionsIsays very important

③ 7.1 : ↓ <K
,

fin - help w/ f(zo) : 0
,

then order y e zero of fatzo

ord (f
, zo) = S

*

y f((20) = 0 EHEN

minEkeN : f'(zr) + 03 o/

& The endg eag zo .

&

#t: + (2) : [a +
zt

n = 0 M = 0"The highes the order
,

re flatter the function ! -

& Ithm7. 4 : i open of connected ,
fir-> holo my zerd o & ordern f = o

g(z)
at Zo

asMo F &
&-

Wis Mo#: consider Mo = EZEM : f has a zens of int order at z3 .
Wis M = No

-#know No #0 zot Mo .
r connected => only & hatboth open I closed pe

emptysetwhere
set

· Open : Piet we ro
,

write 127: -w ,
butd = 0 on B

=> Br(w) (No No open
· closed :

Sequenceitw f(z) = 0 .
It zo

> zot no No closed
-
but z =- za

8) IhmES: (Identity Thm) · on CK open I connected ,
to f

,
:m -> holo. [ = EzeM : fo(z)= +, (7)3

has on accumulation pt in 1. . Then f
,

= +z
↳hmmmthson oratednamea

accumulation pt# Etitoholo on nate order hasg.
-8) Ithm).

8 : f : or-> helo
, if ord (f ,

z0) = 1 > 1 . Then Embed Vod or of zo
,

120
,

& h : Vo -> B
- (0) S. t . Fzevo f(z) = (h(z))

*
It stripped but examb

...

↳ f locally t-to-one near zo (think injections ! I e(z)= F(z) + wo

⑳Lem7. 9 :

gin
-> 11503 holo & IF hold St. F = E => Jus . t . g(z) = el(z) -zen

Of: know his actually "fair game"
unme upto 2: e(z)

=

-> 10 : v stor shaped , g
: r-> 1303 hdo

,
Then Jenholos . 1 · g(z) : e

2 Ihm7 . 11 : /Open Mapping Thm) · In open ,
connected

,
fir-> I hold but t constant.

Then f(r) open & connected



Of: Topeogy : image of
connected set under as map still connected. Wis open

Open : pick Wo = f (zo)Ef(r) .

WTS fo] contains which rold f wo

Sat g(z) = f(z) - Wo . ordg , zo) = k = 0
.
(It ord zero o = g = 0 constant·X)

83) => f(z) = wo + (h(z)) w/ hivo -> B
,
(0) bihelo

ht maps onto B
.
+(0) => - maps ontes Brn(wo) (rbhd y wo] ⑭

↳7. 12 : /Maximum Modulus Principal) ,

or Open ,
connected

.
Fir-> holo

,
not

constant -> + doesn't have
any

local marma
.

#: Suppose /f) achieves mot at ZotM . OMT = f(m) open = contains nbhd of f(zol
↳ But some must spid outy Bitzo10) => If) doesn't actieve mat at zo

-, /I" XIf| ↓ D

f(zo)⑳ 13: (mean

valuepropefire in
es
8

Then

&
M If(zo))

· Zo

# camehy integral formula : +(7)= depam result
&A7. 14 : domain

,
fin->I injective & helo

.
then f(r) domain & f : m-> f(N) is

a bihoomorphic map notef injectivem⑮ =>Inot constant

# i connected
,
+ as => f(m) connected . OMT = f(m) open => f(r) domain in K

zero of order , 2 !
-

Sppse Jzotc S. t . +(z)= 0
.

Then F(z)= f(z)-f(zo) => F(zo) = F(z0) = 0

3) => F not injective · Locally 2-1 near zo
.

- not injective X
-

f'(z) + 0 Fzti
,= + Local bildo

.
- bijective => global bilido

&hm 7. 13 : (Schwortz Lemmal +: D-> D holo on D w/ +10) = 0. Then

(i) If 'los) =
It equality holds anywhere on D1303,
then

call this g
(ii) ( f(z)1 = 1z) ·zedemaution: (7) = :87

,
o m

zg(z)
: zeo at z = 0

need smallerdefinite (ow + = 0 & than tral) => Zg : D-> (W10 s . +
. f(z) = z g(z)

too boundary ↓ dist Max modulus

For ~ 10
, 1)

,
z w/lz= r

,
1 < Hall= g(z) => (g(z)) = + principal : (g)

-

open unit

-
8attains max over

on D f'(z) = y(z) + z . g'(d) Tos on boundary- Br
=> Ig(z)) = ↓ FIzlrElgizile) = lf'(0)) = 1

, Hf(z)) = /z) E(z1 = r3
| f(z)) = 1z1(g(z))

Equality => /g(20)1 = 1 for zoED1503 => g attains local mat at Zo
. Maximum

modulus principal =>(g(z)) = 1 = g(z) = ei0
⑱

↳ Evebitmb oa

⑮

# f(0) +0
,

a = f(0)
,

y(z)= bildoD-> Dw/ 4(a) = 0 = fol maps of 0
-

rotation too...

-

-hapter8 - Isolated singularities

⑬ &+ 8. 1 :%: B
. (a) /393 -> & helo

,

vo
,

aEK
,
has an sorated singularity at a



⑭ Im8. 2 : /Demann's removable singularity Mm) · f : B
.
(a) 1593 -> & Llo.

Suppose him /z-a) f(z) = 0
. Then+ extends to two Curation : B(a)-

z-a

: Define g : B
.

(a)- by g(z) = S
(z - a) f(z) y zeB(a))3a3

O J z = a

g(z) complet dol away from
a

#a) Ea+(z) = (z-a)f(z)= 0by product rule.diyat 593.
z - a z - a

=> o complet diff at a w/ g(a) = 0 => zero order at last two...Itextend ?

=> ord(g ,
a) = n = 0(0/wg = 0 = + =0x)

,
= g(z) = (z - a) h(z) 2) +(z)= (2 - al" " 2(z)*

cor :
-

⑮ healtha
e

a has a

has ahimit
-

(i) removable singularity at zo u +(2))30

(ii) pole atzo fhimf(z)
= 0 /just mapping

to pt on Deman sphere-not scogy
iii) essentia singularity at Zo o neither (i) or (ii) hold. esanaloge -1 ,

2
,
3.... y zo

⑭ Ih4:B,pole at zo . Den Int
, g :Bthlo. .
reman removable siutority then:

do this !
= F : Br (70) - 4

, F(zo) = 0
, F(z) = Fl

- -

# reduce 10 S . t. ((z)11 FzEB
.

(70)(3703 = + bbd
, Loo on B

. (zo)13703

Zero of F finite (0/w F = 0 but F(7) : t + 0] = ord (F
,

z0) = n
,

F(z) = (2-2016 (2)

*** E P u

open
⑳ g(z)

⑰ + 8 . 3 : I connected
,
fin -> Do is as

,
+ #0 . f meromorphic if f complex diff Fzger , f(zo) +o

P, z closed - its

-

* -
sety zeros set ofpolesand m Base,aan e

singularity at zo
.

Then however small we take SE(0
, 1)

, f(Bg(zo)(3703) dease in
· w (essential) => Idense) -B
-

Insition is onto,
,

regardless ofhow scrall domain

↓ Pf : Prove contrapositive : (1 dense) => (v essential)
,

so ISE10, )
,

910
,

we d s . t .

-

·

z
( + (z) - wK, 2 FzcBg(zo))3to3 [Isome point mat the image doesn't hit]
. WiS + has either D removable singularity or ② pole . Set h(z)=· S

Zo Ihl = bbd
,

h = 0 on B (70)13703
.
RRST h : Bg(z0)-> (extended]S

& If h(z0) #0 => f(z) = ntz + w = + has hote entension to Bg(70) => removable singularity
② If h(zd = 0 = (h

, zo) = n = 0 = h(z) = (z - zo)g(z) = f(z) = (z - zo)-- + w

g(z)
-

aw h = 0 bys g
: By(z) pole at Zo

*
non-zero at Zo

⑭Am8. 9 : (Landry Integral
Formula for Annuli). F: e -> Loo

, A = SzEC : B
,
= /z-al =R

#Cm
, then extends ! # -

- - 44
-

Li we A 2 -+(w) := - -
-

&t: 171>
)

hole on ·
[cauchy's them for Annuli] -

=>o I--
- -

(x) = f(w)) Jose
,

-~dz-Sordz) = 2i([(2Bra) , 2) --(a) (a)

F
- I(GBp,a)

, w)] -
S& hm 8. 12 : f helo on A

S

There Eze A
S

we have
= O

*

03

HEL

IT
ord It

, as +

Sidef(z) = [an(z - a) with FHELL
,

Ese(r
,, r2)

- GB
,

(a) -- -Similar totaylors t O- reciprocal expecision > G: -
- O- -

-

-1z| = Rz --1z1 > R
,
--- *



⑤) Ithm8 . 17 : If - is injective& entire
,

then f(z) = <z + B w/dE C1303, BEE

# g : (1503-> K
, g(z) : +IE) injective & holes: 75 & + inj . & Gro

.

wis
g has a pele at zero - rule out other possibilities

① It removable
,

limit exists => g bbd in $1503 = fbbdon K)D
. - te => bbd on D

J30
=> + bbd onC

. Entire so Couvle => f constant (but finjecturesX
↑

② It essential , cosorati-weirshauss => g(D(503) dense = f/(IT) dense (im ()
Buta injectivef (D) open by OD) f(CD)

-

&

=> O is a pole forg => y + (z)= anz"
. g(z) = Eaz" has a pole Isay order n]

so an = 0 FH) n = + polynomial ! But me otiz injective polynomials are degree I

--If its
,

can extend hole functions on limes
,

will ore schwartz reflection principed...
note : A cycle is a chain
-

w/each closed-tapter9 - The General Form of Cauchy's Theorem #Chain pur 'curve

② 9. 1 : A cycle & in it is homologous to zero in r f Jovary a t K)v
, I(0,

a) = 0

⑬ Ihm9. 3 : (Homology version -

Cauchy's thin). Let r <K be open, ↳ ·*fir-> horo. Then for
any cycle I homologous to zer ⑤ g
(f(z)dz = 0-Ipase of (Ns ... ) z

Spotvery technical so won't come up in exam ? Steps : D pulin2 ② lovely integral formula windinaclosed on

&ENERAL VERSION c'curve
-↳

29.. 4 : (Cauchy's integral formula) .

MC K open , J cycle in i
,

homologs to zers in v
Then for : r -> Ledo

,
fi e v 18 (19, 63)

#Fr, w= de

# 7
fr) extends from el3w3 tes e

, Cauchy = /g(zdz-Heres
,

widisi member !
-

dzdz=I my
D6 · #
-

(might need on simply connected...]sorand

⑬ Thm 9 . 7 : (Deformation tm) & C open ,
fire-> I Glo. If U, U precise Point

se

-

that one homotopie , then No holes to s &
b

&

U, deforming to
UStzdz = f fzd↳Uz

>
&... no need

...

a
⑪

81-82 vewed as on

closed wrf

⑤ 9 . 9 : +: Bs(z0)13203- D helo
.

Residue res(t
,

z0) = ii) +zdz Velo,
discrete set
closed in in

&hm 9. 10 : (Residue Thm) .
Let or C I open,

f holo on m S, I closed in MIS
,

mat

s homologous to zes in M
. Then I finitely morry a ES s .t . I(0,

a) 0 &

#teCitiI, a) rest
,a

highly doubt pro
will come up-.

I --
#: set A : ExeS : 1/0,

a) + 03
,

WiS A is finite , suppose its not for contradiction
,

Is



⑰Ex9. 6 : /Evaluationg residues) Consider + with a 'problem at zo

removable

⑧movablesingularities ; thenhim (2) exists
, cauchy's thmt,

to) = 0

definition of res

simple poles

&Anpols : Write z , resizes (f, z0)
ratio w/ simple pole -

integratcaushysformula·

under get aderivative

& genered order : If I has a pole of order n
,

men f(z) = /E-20)"g(z) for
g : Bj(z0)-> &

, g(z0) + 0
,

Here ... ⑳ corollary of camehy's integral formula
resit

, zol=i) dz
3

= WildS

rewide for f ... por w/ general order

so s#, zol = hizo it: 117-20 +(2) know f'"/z0) : an m ! & use formuld
for Taylor coefficients :ani*&Palcose: For essential singularities have Laurent Series

,
Res(f

, zo) = a. 1

Laurent series

Note : can now compute cool intervals
, show: etc... see working Q sheets for examplesX

not = O

⑳ hm 8:

Argumentpinpa .Let m bedomain, f bemerompha bpr

C' Simple closed curve bat bounds on open set AC or in the positive direction .

Then retracton& Ulsa
, b) failsSid = z(t)-P(f) sm not simple

-

injectivity
#oe : Ift has a pele of order n at z

,

ord (t
, z) = -n

, ord (f , z) 1
,

Zero& tenlos

z(+) - Py(z) = S ord (f
, z)&(f, al = in +Ene : an + 03

·we asa ze(zup)nA

oa pol Y E

&: f(z) = (z-zo)"g(z),
↳ res ,70) smppel we ta

g
*

↳.
9 . 19 : Za(t)-Pa()=, Siz =... =SEdz

-domain Winding of tog G fog
Thm9 . 21 : Let g ,

6 : m -> hote
. J: (a

, b]-r prc' simple closed wore not bounds

open set ACM in a positive direction ([(U, z) = 1 Ez + A & two connected components) , suppose

1g(z)/ = 16(z)/ Fzz(((a , b3) .
Then 6 and G+g have the same # of zeros in A.

adding-zeros me saymosa
It: Apply the dog walking huma

with 64 beg => 1(600 , 0 (+908, 0)-

# zeros S # Zeros⑧

e: close from a here
.

Pick simpler pation item,apter10-Sequences of Hotomorphic Functions
L

& diy

sequence helo faths on 1.⑳ weirstausConvergeneme
Cop,,inaa

*then what you'd wast

(i) + belomotive (ii) HEN
,
f'-> +'Locally uniformly

i to be !
M

&

Hesher derivatives



Pt :f uniformly ,
In its + continous&ersmenahar-

↳sat's thm: 0 = Stuzdz Cfzdz luniform cours of ho ! (i) has been proda
On this It
-

---

· Fortill
, needactualanalPutabagampak

W his on the
Formula from -

- Taylor series
Thirt covery ↳boundary so

- int. formula ... S'fatteningof I
Thirt : "a

further away * little biggerL 2S NOW CONTROL⑧ by,- ·w

any pt in

- = ZiS
(w- z/z S

from z the

N Syz
Bs(z)

-

- -

D- It"(2)-t"(7)1 =F/Get(2B, (z)mB
z1 = 53 ⑪

· ~

= Sup It
.
(2) -+-

2=> wejBg(z) has Iw-z/ > S S
Z

un for m converg
O

Hurwit's open & wEITg of to -> + on Hig=thm /connectedL

10. 2 : ↓⑯ Ihm D
CK

, fr : R-> hell
. In+ locally uniformly .

If he No
,

then either1

& = O or Of has = I zeros also scount
ag multiplicities)

↳i zeros can't jump up,
but can jump ↓ (leave domain) ↓ f(z)= z#but

It: not covered in Lectures so will ore .. no zero

↑&10. 4 : Any fir-> I arising as local uniform Cut of INJECTIVE hole functi B,
"

In : -and connecteds either a constant ⑤ injective

&: Suppose + neither constant nor Injective => Jz
, Fzz S

. t . + (z
. ) = f(zz) = w

Local un form

Apply Hurwitz to fn-wif-w .
In (z)-w has at most 1 zero : In injective

-·

not constant
,

f-w =0 => by Hurwitz
,

f(z)-w has at most zero .. L · zezI

work

⑫ + 10.
3 : rCK open. fr + locally uniformly 66d f FK C & compact , JM=& S .

+.

Ifn(z)) = m Ezek
,
EneN

⑬ + 10 .
6 : HCI compact . In : 1 -> & uniformly equicontinous of FEO 7830 s . t .

UneI , (fz ,
wek s ... 1z - wIS) => (fn (z) - fe(wil = E

6bd
⑭Ihm 10. 7 : (Asceli-Arzela) .

If k<I compact , In : k-> I both uniformlyseasonsThese a subsequence converses uniformly to some :ats.

This is a specia case of a the from Norms
,

Mesics & Topologies from year I.

- open
⑮ Ihm10 .

8 : (Montel's thm)
. Every locally uniformly bbd sequence of hoto tr : >

has a locally unyormly convergent subsequence . -
will just recall main tool.

~
To

estaeHus archyinternal famue
stug about day sure.

Ti
⑯ Thrll . 1 : Remain

Mapping Am) .
Let r < I be

any simply connected domain other
-

2 very , veryMan K
.

Theni is conformally equivalent toI so↳ bildo + that always exists but cannot be written down...

general !

-

Then7 holdemma: Let c simplyconnecteddomng: hta 3 a hero sqrt of g.- his Miss↳ e . g. take g(z7 = z => well depredglog on a -

It: By5 -Got F S. t .
F=

j then we can define ((z) = F(z) + vo & g(z) = ef(z)done !

↳ Need antiderative F(z) of Hz) = g (8)
· Fix Zoe ot

,
FzEl connect-

g (2) inOZ

z to zo w/ presence C'curre U. Set

↑

- &-jF(z)

=/Ardu (Deformation= independa j
-

·
Also ,

F is her & so well defined] 28
F' = g

.

-



justappend a live segment... dry with

in see
,

set F(zth) = F(z) + Gidh)=d ⑨Sa
, zen as required

Note : Schwartzlemma => H : D - D Lion/H(0) = 0 => IH'(01 = 1
e

shrinks be domain & -
there is room to stretch ! cannot shrink too
- much at orgi

⑧ Lemma11 . 6 : (Stretching Lemma) .
UCD simply connected

.
OCU & UFD . Then

,
I

Injective Gol Hill ->> D w/H(0) = 0 S . t . IH'(0)21
z - w
-

=w-

# note weD
, n(z)
Z - &

inz - 1
is bihdo from D D &

it interchanges & W
,

so 400 Pw = Id Town inverses

·

Wo

Pets No EDIU & pete either w
, s . t . wi= No /square root]

·

w
,

z - 1 -

equality

8·

O

Define h : D-> D w/h(0)= 0 : Pr, z0 wh
h(z) = wo((0w , (z)]2 ·

z1znot inj >I not inj.
-

Schwartz EmmaE= Ih'10)1 = 1 Cow,
rotation - Injective - -3- I

-

· Of $w(u) ,
use J4 : -1 holo'square out toS . + . 4(z)" = Due (2) EzeU

.
Y: U->D even!Why&

↑(0) 2 = (4w
,
107)" = wo = w

.

2
.

Uma No) = w
, [meht

n tip sign] O

How def inj . Goo H :

DHveH
=Q. why ?

n0H(z) = wor, so dif v/ chain rule

Ed

& (h(H(z))) = h'(H(z)) . H'(z) = 1
,

at z= 0 = DH'101 : Thincott Fo ⑮

⑲ oo of Demann mapping : Will dividethe poof into 3 separate claims. Bonehandnation
- were ...

C

⑨It. F : De domain i is conformally equivalent to some open subset ofIf
S

↑

g
#: claim trivia ing m bbd ; r <Br(0) => 0(z) = E gives conformal equivalence . &

- --
mans

greaton tdoesn't omit I - finates some space ! ]-

ANY openball = -↳ - - iO

Remais

Generalise [ Then
,
i v + &

,
assume OM => Pic-> ( S . % . Pz= z [image of is under ↑st]

his idea
e .

g, f w cy(m) then-we4(m) · 4/m2) > Bg(r , ) => 4(0) Omits B(-W,)
- S S

DI LATE
M

- N TRANSLATE- by ajector 2

⑳*
->

⑳M &

DO UN why - & use translationO O-Os

⑳so => can assume ↓ (D . Assume OED
.

consider the set

(= = Ef : +->Dif holo
, injective ,

f(0) = 03
Note ztszEF so E-0 · GOAL : show F contains a surjective function !

B ai 11 . 8 :



CheekyExam Tricks

2021Exam : Show usado:

Fret:

fGDparamelisedby
: (2)- given by jo),

So#z jod=-
pict 10

be whatever

you want !
-s +(z) = in :

22 + a Then residue tim

exclude
Then

itacado-fitatas de -j

2011Exam: helomorphie & more y f not dense i K
.

Provet t
Rare is some ball
wat be image doesn't

reach

8 If flu) not dene => JWe& 10. tTw) rf(m) = 0

~

is helomorphic & =

↳Thgi,is B
Liouville's than says blod entire function constant.

=> g = atk

=> f =
+ + w = * + w = + constant *

g
8

biLokExam c simply
connected

,
t her on, tresa

=ample : No ! Take H = 37 + D : Em(z) > 03 & f(z) : eiz

Den flasting) = -City
e

2πix

so If = 1
, yo ,

ey CO
--

1 - 1 = 1

so + : H -> B ;(0) /303 #or simply connected !

&&Le 2013 Exam : Wis constant & trew it was entire
.

Wis bounded...

Tret : Use Beat I compact , + continous = f(k) bounded (Topology-

② 2018 Even : Solving the quarte z"-187 + 1 from using tricted

Ere: z" - 182" + 1 = 0 E(z
2

- 9) 2 - 80 = 0

= z"= 9 + 45 = (215) = z = = 2 =5
-

wie as a square !



⑦ of <. 9 : Suppose ICI open & converted
. G : -1303 Wo

,
and I here

I

F : m -> S . 1 . F= Eg .
Then

,

JW StC
: Fz+w ande are

g(z) = ee(z)/ + 2+ in n =4)
e(z)

WTS g(z)· = 1
C wo uniquely determined

- F(zo) up to + : 2

&: F Zoe & pict wotK S . % .

eNo = g(z0) 2 => have g(z)e
- e(z)

-
actieve what we want everywhere at just 1 pro go out...

(g(z)e
- e(z)" = g(zte

(
- g(z)e

( e'(z) = e
-

1(7)(g'(z) - g(z)F'(z)) = 0

sery :C -
- - g

= g(z)e

+=

zconstant throughout. = C = g(z)e
2(20) -

F(zu) - wo
= 1 = g(z) = et(z)



stionsto review

D 2021 Exam : some of Q1
,

all of Q2
*

· 2017 Exam : Ql
,
Old

,

Q2c
,
Q2d

,

Q4b
,
QSb

,
QSC #

Chapter 10 log !
· 2015 Exam : Qi

,
Q2d

,
Q2e, *

· 2018 Exam : Q3b
,

Q3c
, Q4c) 8I

· Q8. 7
,

Q8. 6
, Q8. 4


