
#F Introductionto Topology 240/23
1895 - ?

Ne: 4 assignments

Lecture I
-

Bef: A metric space t is given by d : x +x -> I

(i) d(x,y), 0
, day) = 0 Ex=

y
(ii) d(x, y) = d(y , x)
(iii) d(x , z) = d(x ,y) + d(y , z)

E
Emp : X =

"

, d(x,y) = (k -y1) = 1S:Gil)

&ef : B(
,
2) = ExX : d(x,) = 23 = open bal

: UcX open of ExeU 590 s. t .

Blo
,
3) U z: & X are open, find interstions of open sets open,

⑤
arbitrary usions of open sets are open.

Bef: A topology on a set X is a collection of sets M which satisfy-

(i) &M ,
xe4

ii) If u
,
rea => unvea [finite intersections]

(iii) If use M for je 5 = jj 2 Carbitrary uniors]
contseres crops-Those are me open sets. between topological

specces

Multiple metries can produce Dre sasse topology...
Example Any norm 11. 11 on IR" gives a metice dk, y): //x-y1l & all metrics on i-

from ners yeld be same topology .

sucy
can always

I?: Different
It these in

=>

88*
11.110 = maxls;

/ Ill = [Ki UCR
*

i

Shortcut to difciorly topologies :

Def : Say (4 ,
r) is a topological space. A collection of sets Bi is

a basis for a topology of for each He ur /each open set)
,
Due

is a collection of open self & Bj3je J
in B S .

%. ensu open

sets to work8ju outaa set is

open

Example: De open intervals 19.6) form a basis for or topelogy on I .



If B is a basis for Der Deat B

generates me topology X .

topelony, weeaenay to describe
all the open seta

,
instead of just ListingThee) .

-

B: Let X & ↓ be topological spaces (r is implicity Riere) .

The product
X + X is Da topology generated by setz De formtopology

n + vex + X were I open in X
,

v open in X
.

w w open of upew,
In open in &

[heet] ?O JV open in 5. Ner open in 7.

# X
..............· p

AI
Y
⑳L · 8

11-

Bef: Let A be a subset of a topologial space X .

De subspec

topology on A corresponds to be collection of open setse la

~ ( = unA where U is an open set for X.

Example : Let A : 10 , 13
,
X = R

,
what is te subspace topology ?--

] · The set (5 , 3) is open in A wit De

O S subspace toplotory /open in I
,
I get set

bents when intersect u/ /+
- · De Set 13

,
17 is notapen in X

,
but

O & is open in A e

Open not what (5 ,
13 = 10. 13 m / , 3)↳

open inI

is te toy question -

>a The wit Sphere. S" = SIR" : S = 13
I

- dimension
of Racircle

,
a Id S" is a topological space# object, not subspace topology

Dist D" = Exer : Exe 13#



FUNCTION
A -Def : Let X

,
x be topological spaces . a f : x -X is continous j-

De mese image of each open set in X is a open set in X.

-> compatible my notic spaces but more general..

⑭tion:isfunction a map for ear]

Example: 1: -X is its (desitity mop-

· Deinfusion of A into X (where A is given be subspace

topory) is as f :A - 7
L

· The function + +> kos(t)
, Sinit) from I to 12 is its

(Note
,

will often write his as - Heit where (, y) is
identified with x + iy)

·Compositions of Its functions are its

Lemand : Let + be a topological space X : AUB where A
,
B one closed

--

suds paces - ↓ f : x -X is a function & f &

↓ ans
Y bi T

itself is continous .

create nen
E Ben

om Word as by posting Dea together.

: fix-> X is a homomorphism f we is am
g

: /-> X S.%. joy = 11 & gof = 1x isats.

↳Tying to understand spaces up
to the relation of every hosseomorphic

what does it wom for two spews to ke from
-

-Lecture2 Topology is always upto homomorphism 3/10/23
-

/Invarinceof Domain , 1910) : If I"is homomorphie to 1Rm
,

men n = m.

Easy to show here's no linear somopliss (just linear algebra)
,
homomoptism

is hard.

Exercise: I' is not homomorphic to I" for ncl

IR2 11 11 , I , 1 I
for n > 2 <Discourse]

i 1 1 I
1

1

for > 3 (Into to algebrace

topetology)
comment about subspace topology : say X

, / are topelogical spaces . J : x-X-

a map tating values in A CX
.

Den Dure is a g with
X- = log , With respect to be subspace topology, I s

Miy L inclusion
contious

.

Prof: EXERCISE .......
A

recap
here

g
IDDecent
anges . Our

mappacy to

A
,

one

crappy+3



disjointLet 3jt5 be a

familyy pological Spareaa set
family

is De

Xj = 3(4 ,
j): xj}

where the topology
↓ 5 lindering sgreated by Debassy

sets y D touse
for Xj .

Example say jeso ,
13. For a space X

--

added essa
X WX = /X + 503) v(x + (13) wordsale

- W

E =
·

8 yaX = 503 * x S13

X = xux XWX
two distinct copies
des Dan

Quotient spaces Xux= X
-

Reall
, an equivalence relation on a set + is a Subset ECX + X S.

t.

① For EX
,

(x
, x)tE

& If (
, y7tE , Don (y,E

& If (0, y) , /y , ESCE , men (5)EE

Usuallywrite cry , not py) EE. Equivalence relations portion X
into equivalence classes

.
Write (k] = Sy : cry

The set of equivalence classes is written X/v . The map g
:x3X/

written g(x) = [] is called the quotient rap.

How interactm/ toprogy?

Def Let t be a top . Space my are equivale relation on me underhyg
for

=> set .

X . De quotient topology X/r has open sets ,
those VEX/

which q"(V) = SCEX : globe v3 is open in X .

Ind

Example : X = 10
. 1] .

Or1 and suc Es
-

X
so equivale classes are 30, 13 &3510,1

XX which sets in X/- are open?
--↳ ↑- open internal ,

inverse image open&

- So open .

=
X

D g CO]



Me inverse image is
I what about contains his singletors : I
#

·
De equivalence elation

C
two open intervals -
open not X. So open .

ineche

& -
We get d

toproggSGettery Rie image we expect fromDe

topology we
circle by doing

expect ! This constructio w/
De equinatarne relations

on a lise !

Example : can generalise o abora
. say A CX

,
define an equivalence

-

relation so But asy
two pts equivalent. dowa, for %, a

,
A and

x -x

Set for any
I · Equivale classes here are singletono

x = 3(x, y(t(2 : x+ y2 = 130(10 , 8) : - 1 = y= 13
* is a unit circle, A is X/m

"
a segmentofDe circle

&- mquotientaap zumi

Mum

Example: x =

3( , y) : 0 = x
, y = 13

I (x, y) ~( · y) & equinations class
, codicality

10 , ySw (1, y) & equivale class, cadicating 2

1 q

-
E

O

⑤

1

&

I

T (C) , y) v(x, y) rMobius strip

10 , y) - (1 ,
1 - y)

W

2 X/n



Lecture 3 3/10/23
- -

X = X homeomorphic is onl interesting relation in
& topology. There is

acoster looser one Choreotopy) . Water .

Will Guld up tooe

definition ofRis reator relationship thom homomorphison

Example :
-

LetX be one cylender.
LetA be de circle inside Dop Grader,

Instead
,
lets switch models

X = Ever: Ellull=3
X = Gre: 1 rll = 1↳-

-

B: we say a topological space ACX is a retract of X of there is a map
rix-> A with ~ l = Ida

Example : Doe is a refaction r : x-> A
,

r(u) = i "Some shape-
you can get your
I hands on his ↓

Bef : ACX is a deformation retract of X y Rare ↓
↑ X

-
-

exists a parameter fassity of functions --
& T

f +
:x-> X ,t + (0, 1] = I Such Dat

-

->
2

do : Edx
, J ,

1x)= A
, Jel = Ida ->
-- ↓ *

f +
(v) = (1- t)v + t 1 &De map xX ↓Example :

=>11v11 Xx I -> X-
- z ↑ T
straight lisse (x ,t) +- f + (x)

isuts
↓ + (x) = F(x

, t) where
...

The circle is a

deformations The map x x⑳
-

-

retract ofDe

-A-Jo di Circle
L

j L * Define r(s)= J , (x)denta↓
= vor

map ri +->A

A r is its not subspace topology orX

f + ()
-

conclude
,

r = X -> A is d
"Circle I anouts have socretisy in comion . DeeperD retraction.homorphism



#milliliferationutas
will usethese

- families of maps

to define what a· tfor ↳hornetopy is

Example EPt3
, say 503 is a deformation contraction of I-

& give 8t . J+
(v) = (1-t)v

formity of maps

↓+(x)= F(x
, +)

Homotopy # I = 10, 1]
-

Defi X & X be topological spaces. A map" : x + I-X is called a homotopy.- , +) = bt (x)
,

Den F is a homotopy from to toy, Two maps J , g
are

homotope if Dire exists a homotopy F s. t . Joif & f .
=

g .

Example: X = S
,

X= 13/03

deforming
an hoseotopie ...

↓·
continousy

we say Decaps

next topic !

Higher level of abstraction
..

Definition : Let X & X be topological spaces . We sayDat X is homotopy-

equivalent to ↓ if Done are maps g
: x --X and hix X S .

t.

family of crops

- ① nog = Fdx) we wride J-g for homotopic.
X X we and W

T & - Idy Suppressing general
goh ↑ Be indecies from above

NOT equals
,

but
a homotopy /formity of mars) etists,

Proposition: If A is a deformationstart of X
,
Den AX are homotopy

equivalent . - consider the inclusion 1 & DoL

Proof : A X retraction r
-

M-

Show Rat rol : Ida ,
Lor = Idx

Lor = to = Idx



wert2

Lecture 4
- 9/10/23

-
-

plesof Topological spaces "IRP" is a spece y
& IRIP" = IRV

"
- S03 lives in In

+ 1 =

/vere for resos
Eprojective space

all thesevectors
IRipa live L

are identified
- -- C

-- &W
·O

1 S- 0
:

T ↑upper hemisphere can

- representDe eqVinale
*

classes of P?

T
rese limes are equivalent.
antipodal points dentified.

B Torus

77

-

>

1-& -C -D
B blise Bette

&s quotientAll
using

24 Min play

-

7

M -> D ~↳

&#want see invorient to X ↓
distingish between & ....................
homotopy equivalent Y8 Ispaces ->

Taste; Find a horotopy marient-

property of a spece X. This will be a group we can attack

to a space .
We
topological
will consider loops in X where a loop has form



easier to define
0:0 , 13 -> X with f(0) = g(1)

crops mm to

will describe alsobair smucture y
show Day don I- oBe group I will calculate at St

examples nett week...

-
we want an operation on paths /loops will be a special cose)

concatuation

say J . g
: I-X one pets (cts from 10 , 13 x) with special

property Rat f(1) = g(0) Want to define the concatoration

jog of f and y
In pictures :

*

Mo &
If ↑y

&

ga O ·

&f ↑St2s ~ Y St 25 - 1

. ↳ S

definition of concationation Ade : J .

g : 10 , 13 -X

is continues by the

fog(s) =
f(2)) o = s= pastic keamen

,3
g(2s - 1) zES =,

we're interested in homotopy classes of potles & loops.

homotopy for paths-

For points So
,

xEX
S
consider pass g,

h : I

-X setsfigaS

g(0) = h(0) = so and g(1) = h(1)= x
,

we
say are homotopic

relative -> rel . endpoints if Bore is ato no
end poss.

homotopy 6t : 10 , 13 -> X
+ e(0,l

#·
,&&oE with Jo =

g , 6 ,
= h and J

8t ↓ +
10) = 30 and f+ (1) = x

,

U -

Letne to fixed endpoints.

frealy of caps.Paths and

moving



Lemme : Gwen So,, , EX
,
the relationo homotopy rel

. endpoints is
-

on equivalence relation onDe set of maps 6 :%0
, 13 -X my

f(0) = ko
, f(1) = x

,

Resort: Insue day, J +
(s) is its in bor variables ,

here
-

F : (0
, 13 + 10 , 17 -> X horstopy parameles

-F 1-M· ·

x
,z

t
-

-
path pareber

: Need to show 3 Things :

D g
=

g
rel 2 (boundary

t = /

g

Let

i
② If gih ten hig

Th
F1- &

Po , ~·g
g

Define F(s
, + )= F(s,

1- +)
g Th

I'Mo , -> o &

&,
~~g

h



③ say JEg , gth Don = (d.

50 F -*
G F

"

h

*
·E

c F -

G

g

F" (s ,
+ ) = Sts, ,

*

-

Homotopy el J is an equivalence relation on pass. 1010123

Lead : say 6 , 6' are pass with J(0) = J'C02=O
, f(i) = g'(ll = x,

o , g' paths with got = g's0) = 3
,, g(1) = g'C1) =

2 · If
Jug rel 5 and gug' rel . 5,

Den J -

g
= J . g' rel G

Bo --
Not composition

um of functions ,
Dis

x s ↑ G ·x is path concatonation

X
sohorts left to right.

+-

,
"gg

*

INo

-

I · G x
,

t

63 gl

& = f 'rel 6 gives a map F : 10 , 13x10
, 13 -X

g
= g' red gives a map 0 : + I-X

Define F(2s
, t) 0 = S = E

It is its by the posting bed

H(s
, t) = 3

6 (2s - 1
, t) I

= S = I



&tiny corvatoration as an operations on homotopy classes

If we here paths J ,g
with flil-g(0) , then we can define

De operation of
concationation of homotopy classes by setting
(83 · (g) = ( · g) Y
S7 - g[6] means a

well defined
·

o

hosotopy closs
as a horseropyclass

rat 2 C

g

Def : let x be a topological space .
EX

,
Let TT(X

, x] desite the
It g homotopy classes g lops based at

.
Le pathsf with

11

↓ (0) = f (1) = 30 .
De operation of concatociations gives a couttiplication

on IT(4
, 40) ↑&,(x, ) is the fundamental group of X

&oposition : I
,
/X

, 40) is a group not concatonation other cool stug⑧for Iz , itzel...

all loops one abtory, Day cam cross
,
lit so again et....

Dist of It
,

as maps of circles into our space. In is spheres
,

hi din anologue.

Bof: We need to show the existance of andentity ,
inverses & associativity.

Observations : Entestructure on his set-homotopy is good !

&AnymesrequeDeconstrationofheyclose tnig about loops atm), in

terers of te prod ,
we will prove the case of the path & apply to kops.

loops <paths so applies. Will use these properties for paths to

analyse res . between fundamental group at diferent 81, T
.
(X,) & I,

(X
, x )

& let to : 10 , 13 -X be the constant path, e
.
(s) = do It doeses!

&ENTITY
Ko·& exloops

Kaise: 20 . j = f Co is a left ·

electity for 23

Pf :

-

J

t= 0 gives to f

~f . e
,

=J Te
,

is a get denty
pass J

-

-remem
t = 1 gives J

--

t troversesf for longer
-+ mis is:

& longer
o So

2
,

-

-- t= o,
S =

o

Gruationation - ->
D

---
unster J will wide cap here for
& o

S S

⑧noveltig's safe...



required to do

homotop is
: me berundary· ↑ t
⑧J is fied

G >
M

S = (1 - r)Et + r

G(r
, +) = (1 - r)))) + r - 1

, +)

ro
,

1 : I to pardetise the live ↑
To find 6

,
we we (r

, +) = (s
, t) & some for rasols]

r(s) = F(s
,
+) = (10" (s, t))

S= ↑ 6 "Ren6" (5
, +) =E, )

(4) projectonto

so defa hostopy F by
-plase

1 - t

Dan appli
So

,
OESE Z

#(s
, t) = E ↓) ), S
- -

- -

·

to sa rig-pobesur o
· /I :

t-

+ + 1

S
, -S= /

-
f g

Dis fundontal group comes fromthe homotopy classes,

we're shown : 08 = J = J . e
,
elf

↳ For te loop case
, to is a 2-sided identMy-↳ for pass,

we have a lest deatiy I a resht identity ,
not equal.

& (Inverses)
Let t be a path from so to x · let J(s) = J (l-s) .

Claim Deat :

J . j = e. , j : j : e, lloop rose
,

e = to] J
,

3·To show 16.5) = Je. ]
,

we show J . = e
.
vel -y

So
,

we construct a map F : I+ I - X



constant map

- ourhomey panda
particular kap

· Start at so
,

more along her , ten go
bact

to o & wait longer till done.·
* t is

E
So o = s =

+
z or

f(2s t) E = s = E
F(s

, x) =

1-t& (2s+ + - 1) S = z
tio

Wesets'
0 1- E = S = I

of map hometopy&,& Mor
may bat

is just staying at so
.

+ everyticey in betwee

& (Associativity) Assuming J . g ,
d paths

-J g
o · ·

classes : (18 · g) · b] = [J · (g . h)]
De difference 3

hat they are
- 8parametrisedwhat's the diprence ?

diferenting
und und
&

If
&

Tg
&

Th

⑨

I &

If
&

Tg
&

Th

⑨

[

Y
][

X
x3139

↑31x
3

7 M

↳

Jog C I 3 [ 3 g
. 4

Y ↑
[ht ] [ ↳ ]

F(s, + =

6) 0 = SE E

-iS g(4s - 2 + t)E = s=

↳

T



Building up more formal properties, we'll appreciate later...

-

Def : ↑
a

top spre.

is a pspath concededf for any pair of points , hea-

say , , X and X is path connected . What is the relation between

# (X
, 4) and It

,
(X

, , ) fedanta group / different base points...

Dep:

say that h : /0 , 13 -X is a path from so to
,

then

h determines an somorphison from #
,

(X
, 3) and TT(X, , ) . One

you're chosen h
,

so class Lived.

Proof: want By : H
,

(x, )> H
,
(x

,
x

,
)

-

h want to more loops based at s to loops based at ,
7 can wile life·

Define Br(157) = 7 . % .6 mis g&

8
assoeat

wity
2f

160 from x
,
->

- - top- x
.
-x

, ]((5-f)0h] = Ch · 16 · n)]

↑ goes back... Bu is a bijection from It
,
(x

, 40) to i
,
(X

,
s

.)

claiss that By is an inverse for Bh use the fact
Delt n = h

(B=
· Be)((83) = (E . (h . g . h) . n] ⑧

= (Ch : h) . J . Ch . /]

SeBu
= 1%. % . e

.
]

Bio Bu = Id
= [t]

↓

(Bro Bi(((j]) = sacre. Bu bijection

Laim : Bu is a group homomorphism

By((f] · (g3) = (5 · (6 · g) · b] G= (5 . % . h . 5 ·

g
. b]

-

= (B
,
(183) · Bu((g3)] g

=> Bu is a group somorphism
A

Does the isoproptism Br depend on h ? Answer : Yes in general it does
-

h
>

I,,
,
(, ) Happensy H ,

(7
, 3)- is not abelian

hi



IfIt ,
(x, ) is abelian

,
ten the somorphism is independent of her showe g

path .

#
,
(S

,
40) = 2 -> can gore base point

it ,
I kkine bottle

, so) abelin => cannot grou pose point.

-

so

- detLecture ? #610/23 Stic vorning hom

· Shown Meet I
,
(X

,
4) is a group

S' CK
to teach it !

· wis Bat it
,
Cs'

,
1) = <

X
,

↳ will take a while to prese ...

· will define a fruction :> I
,
(S

, 1)

2 it i as↳ Even nec , define wa : Its' by wh(s) = e

24in↳ This is a pale ! W
,
10) : e' = 1

,
wall : e = /

Fundamental ↳ Dis is a loop based at
p
:(1)=

groups8 &
&

②homotopy classeig ↳ E(r) = (wn]e it, (s , 1)interact R

· lets write po : RR-s' given by Pols) = eis
p

The helix is De set of parameters ⑫(coskits) ,
Sin(2is)

, 3) Cic3
-> &

->
Po : -S' is a covering space .

Def : let p:*-X. A open set<X is
=>

evenly covered yp"(u) is a disjointa ↑"-

union of us S . t .

Pluj is

D& honeomorphism.
- every pf +]

-

& I# #The map p is a

covering prop y
X has W2

p"(5)
I

are disjointa covering by evenly covered sets U
.

The triple p:F-X is a

covering spece

Af: Given a

covering p : F-X and a
-

map 8 : +- x
S&hist of t is a now !↳so hat poj = j

Example : Define : 10 , 13 - As by-

- (s) = ns
.

Then polt_(s)) = etins = was)
A list diagram



Dageden; Interpretation of, 1) for so t 10 , 13 is Keeping-
11

-
~

R tracte of the total #o turns
of the path wonWn

1 Do 10,
so]

.

W is the actual point Cheute later !
Wa

Fo , 17 - S wand
loops T right

mayoa
Ist Proposition

=I : <-I
,
Is , 1) is a homomoplism

S

-
addition in1 composition

: Wis I(n +m) = E(n) · #(m) of paths

# #↳
concretely, (wim] = (W

. ] · / wm] = (w· wm]
-

hope/He
, se his same hosophy coss (*)& (#*)

↳ need to constant an explicit
Need to construct a homotopy f , (5) v homotopy between best two pass...

to(s) = Whem(s) , J ,
(3) :

cn · Wm(s)

Idea: do this on the live i
,

not the circle : It has advantages ! Want

lists of these parties whim and wowm to ? lifedour loops
to pubes.

we havewhim which lits whim .

We need a life of Wy Wa. But paths can't
-

What about we we (concatuale be life of born] be concationated
: endpts dosi

match R
O n(s) -Let T: / -> A2 given by I D on m ↓

↑
n (r) = n + r

um(s)

-

just I translation
Ton's) un m + n

: To w is a ty wm &

-
I

-

To Wi

&of po (4
,

0 wm(s)) = Po (m . s + n) = exp(2+ i(m . s + n))

= exp/hims) explain integershittin&
-

I

= explaitions) = Wm(s)

claim : Wn (T10 Wn) is a life of w..wm-

homotopyExample : Take n : 2
,

m =- 1
.

Don the graphs of our lists : linewend prints
.-

H concertorate.

-
2 - 2- 2 -

C

Wz
Wi . (5

,0o -
1-

-

&

O

Im
-i I hernetopie to ?

O [

- I - o

I
O &

I



:-> I
,
(S'

,
1) ((r) = W R

showing I is a homomorphism, - m + n &

specifically whWn ? When rel 6 Tommy
~

- j &in: we have a list of wewmL j
- Wa+ r &

by in . It own
-

- -
quen

Pf :;
->

D En. (Town)(0) = In 10) = 0 "
- O

&

" ↓ po

-

Recall : Emen10 = 0 Women (1) = m + n &

T=2
I

-& ma :

say g ,
h : 1 - X

, j : x + X i Wi

! Den folgoh) = (fog) · 1802) -----
.

of:

say os= - IHS This is the forculd for ↑

I Den (og) · (Joh)(s] = Jog (2s) (Jog) - (foh)
↑

" Say BESE 1
E RAS 7. so done .

&

↑

(Joy) · (Joh)(s) = Joh(2s -1)
⑫i

1 En : /Yowm) is a lif of wnWm
↑

S Po
does nothing to in

~

L

Po(wn · (4
, own) =

po([n) ·Poo Wh · Wi
-

1

----- ---- R

- these are te
Linear#omotopies

· 111 linear horotopies.

Tow pomPicture in It?. Define ↓ +
(s) = (1 - t)g(s) + th(s)

- n
a+ mgl

~
: 50] = g(s) , J ,

12 = pass of j
g (4)

~ - O

h ↓+
(0) = 40

, 6 +
(1) = x

, -

-
·

4/s) ~c Homotopy upstairs
Be Je (s) = (1-t)Yam + tw · (t-0wm) fixing endpts.

What we

wanted to
Set f+ (s) = Po(F+ (s)) -

Built a homotopy 'domstains ⑧
just by pushing this down to s ston

& Jo(s) = pooYo(s) = poliner) = Watc Jhorstopy
& J, (s) = poo,

(s) = Po /En
· (EnoFin)) = We ·

com

& J + 10)
=

po o j+ (0) = po (0) : 1 Jhosedopyra
& 8+ (1) = po Ft (1) = Polmen) = 1

endpoints.



2nd proposition

:-> I, Cs' , 1) is surjective.

we're least : It's easer to reduceDe problem to d vector space (IT)

& Let % : 10 , 13 - 51
, (10) = 811S = 1

. Don't wantj

/ 67 want a lift 85 !

just tow Appeal to an
T

mis is cts
.

-> existance result
we need d restor⑳-⑧ -8No obvious way so we know d

-> Braves for
to constructa

lift it etets pass

Lifting Deores For Paths Let p:*-X be a covering -

- map .

-

6 : 10, 13 --> X be a path startingot PoEX. For each xo E p" (x)
,

-

There is a unique list J : Co , 13 -> I starting at Yo

" Y#J I

p

J
~

co = Jo10, 13- X

instriction
Roof : Later ... T

T

Del Lift should &
Let 5 : 10 , 13-+ R w/ Gos =

02
Set his by opplying 8unting Theories measure total

# of turns

Now
, po(5(1)) = (11) = 1

(f is a loop]
If we have a top

Thisison integer ! donnstairs, Dan
total #o turns

so (1) E po (1) =
is an integer.

=> J(1) = 1 for some ne

- homotopic
C

wis = We rel D

↳ motivation for litting was to find on n .

to
-

easier build a hornotopy upstairs .

Let J, (s) = (1 - t)n(s) + tJ(s)

Define (+ (s) = Po(F+ (s)) , orguing as before bat It is a homotopy between on and

U rel endpoints .

j -
This cras y live

C
·shomotopic

.

erp
:

to a straight
line part .

Amazing



&E : -> I
,
(S,) is injective

we're show

sy
Since

Fundamental group -

take our problem on the circle of list it up toHe not trie : some⑧homotopies can't exist

Given a path , there is no: WWme, Ben ma a li hometopy
-

tingtheorem for homotopies: Let J : I - X be a homotopy from J ,
to -,O

where 6 +
10) =

0 . Let tp"(0)· There is a unique
N

listed homotopy
J : I -> F, of paths starting at 0 S . t . pofe = Je

2 & imeseW↑t
St

& a

-Es ·
&roof: Later

...

As we-wm
, say It is a homotopy rel 6

.
between wa and cm

In part f+ (0) = f+ (1)
= 1

Now let J: 10 . 13-> He be a list of 8 S% J+ 10) = 0

&to
C

~

is a lift of wh w/5,

10) = 0

J lifts of same Ring w/

tw J s also a list of n w/ i 10) = 0
Sovere starting pt.Wa

both store
sos endpoints

By uniqueness of part history , To(s) : En(s) , equally, J,
15) = Tom's

we consider Jt") . we have Jo(l) = En (1) = Two loops homotopicWIAlso, Y
,
(1) = Tom (1) = /

Some # of turns

But

#(5+ (1)) = f + () = 1 = j()p"(1)=

Liliahandl,
a

-
-

So
,

as a functiony t
, J +

(s) is continuous and I valued => J.") constant
-

In particles Jo() = (1) = 4

J
mut & connectivityof

=> min I S injective.
J

, (1) = wm(1) = m

coultiple of a sigle

=> It
,
(s') is a free ablien group greated by we

loop.
E



singpeore for paths : Let p
: F-X be a coveringmap. Let

6 : So , 13- X be a path starting at
- x0EX .

Let Gotp"(x0)· Then I unique
i J: 1-> E starting at So% -

Vj pluj is a
m

(8) (

10, 13- X homeomorphism

J
I ↓ p

so I am inverse

O1 Ti to plu;
&roof: For each Seo, 13

,
there is an ↓ X

no problems u/

everly covered open set u <X
he made

local inverses...

contain
y J(s) rotation inistates

heree... careful-

By compactness of 10,
13

, Ifinide collection Vo, .... In which cover 10 , 17 S
so we

narre no Vz
-

0 = to =t
,

< ... - tr = 1 so But [th
, th] CVH I I

=-
V

And J((tr , th ,
3) CU

+

construct J on 10
,
t

,
3

. (10) co , p() =
o

-3

u
,

j
Let 1 : u

,
-> I ! be the inverse to plu,

~ 2

u, define Jon Co
,
t

, 3 by J = L of
u, Costima inductively.

↓ P

U
o

Lecture ? 23/10/23
-

-

Prof y using necess

f((tj , tj + ,3)2Uj (X

~ te
- U

-
= j

0:To ↓, ta = J(tj)
-

-
-

J = (j of ↳j

->
ofJ

i E ,

(C3)

uj



Assume we have two lifts 5, 5 with Jos = Joh = So assuming agrel

- atleft endpoint&
L disagreealsentine

-

say joj' for
seco, tj] for Eje1 and JJ for (tj , +j + ,

]

-(tj) = j'(j) j
~

(tj) = 5'(tj)
& j

↓

> ↓ P
-

.

j ↳
- uj

E
f (

f(tj)
S

· Itj , +je ,
3 is connected

=> (11tj , +j ., 3) is conneded as f as

· J'(( +j , +je . 3)
, J((4j , +j]) Goo connected

=> Conclude
,
both sets lie in the some ime iase of Uj,~ R

uj . ↓& I agree at fitj) So must both
hie in same set

Lain: J and J' restricted to Itj , tj) are both given by17

Ij of eye-oh-ta
W W

local -
list

Cmotion
wall Bat j is a homomorphic ess to pFormally, restricted

so

z

opli = Ida , poly/Uj : Id
,

7

&
Rose ges contained i tells us that

~ Ris Set

Since
, J ((tj , tj , 3) (Yjt - experie his Episic L

, of is a list :

·

elesitity - poly of = f
-

[I(tj , +j , 3 = [d()(tj , +3 = (jopj = 150)
L L

our life j not depside? Diese
·

s ess by [ as

equal
- I

ja
11 ja j = 1jo

=> have uniqueness !
⑭



version
General I

paramessed
im for

-> is a geosa-

-stingtheorem
ofa ultiy parasiter spacepass

Let p:*-X be a covering map.

Given F : 10, 13xx - X and a map Fo : X > * lifting
-

> Y , homotopy #1403 + X-

path paracele
persedes was t before but (poFo(x) = F(x

, 01)
,

then there
a moreseeal
spall now. is a unique map

F : 10 , 13xx -> *
y = + = (0

, 1) ·

F(pOF = #) which is givenuftsg
503xxEby Fo(x) on 303 + =

* 8
- in 9
2 proving11 ↓o

more genera
context

In = x O

Theorem
, we can list each path F : (0 , 13 xx -XProof : Using ourpath lg w F((0 , x)) = Fo()To a partn

Thus
,

mere is a action F which satisfies be thr .
Doesn't tell us not

&

his function is continous. Cunique path Way Y

hispraction e havemigueson enoa I ↓ p

I + Sys> X

Pete a yoaX .
We will construct a its list of a family of paths

NX Co , 13 with NCX

E XE ⑰Fo
*

--N
⑧ - toI
-

-

Yo1111111/Ill,
- X

Y IS T
-

F ---

ca construct a life of Mis ·

F(yo)
pain,

lets construct a Goven (S, y) + 10 , 13 : /

is ofthis neibourhood

O I
F((s, t) is contained in

any everly
S covered Set UCX

dure(11) As => J(t ,+) + N
mapping

to U.

we have a function E Rat

lifts F and satisfies me inital condition yo .

WT this function
is continous. Need to find a lift on some wipbourhood of yo to prove

dy .



Piete Yo Y. Want to had some

Y F-(u)
neipourhood N of yo and 9

list g F//0 , 13 x N

8 For
any lyo ,

s)
,

seco , i
,

Yo *

(Yo , s) F((yo , s)) CU ,
t'

a

evenly
covered and

open .

we can find a wibourhood
(t , t') + N containing /Yo ,

31

Using compactness of I
= 10 , 13 ,

Russe setneisritrod finite y product

Yo & # covering To , 1Jz Eyo3
J # we can jed a of to < +

,
. . . fr =JA so Rat (tj , +je ,

3 Nj cover the
internal andF((tj

, +je ,
3 = Nj) a Uj

w/ Us everly covered
.

Lots of dispere
&

does
·JJDVD

Define a list by setting us so

E(s , y) =

C E setisy10 F(s, y) mital

↑
i

,
does conditions ?

I 1 I &

to t
, +2 -- th

,
In E(0

, y) = Fo(y) ???
~
I disconnected!

Fo(yn) e u lot for y = yo)
- O

* Need not be tree in general,%.. but Dir is some smalle
No T S

u migborhood No'C Noi
F

⑳ M so Rat3
o F

LF (0) Folwo') Yoto

using cy g

O

=

could be

In

-3 as in perh lifting

No y.3 No CNo j X E und openness
~ to

I E F(0
, yo) g

O

Wo

Using te convectivity g
or

interval& arguing
et

neipberes
hoa argeoret, we

# (10 , t3 = No') 2 Yo
Dis spece

might not be connected !
wole image his in our set.



Thus F (10 ,
6

.3 = No') s the list Belt satisfies the inital conditions. It is

continuous since it is equal to Loo F

Now consider [t
,, t23x (No'MN , ) ,

we want a life E defined on

(t, +23 x/No' N, ) so that it

agees u/ be previous liston

30 ,
3 + /No' &N

, )
No

ya 3 N, As before
,
there's somereibourhood

to

N
,

'
c N. C No satspizg

to
~t

,

t
, +

z

F(t , y) lis U
,

for y N,
z

Define F to be 1
,

0 F
on

his set
.

=> we have E defined on 10, 0 .
3 - N, and It

,
+

2
3 x N,

Day agree on the overlap . By te posting land
,

we

have a front.? ] Inaction on 10
,

t z3x N . .

Repeat this for one remaining intervals gies a its lift on

Co , 13 x Nn'·

Tonly doing this a finite times
,

so all allowed . I ⑫

-
Lecture 12 24/10123

-

-

#eplications

The fundersta then y algebra : Every none constant polygonal /

coefficients in I has a root in C
.

Proof: say p(z) = z" + a
,
z""+... + an is a pelpronial of depres o.

Suppose p has no roots. Wi consider values of p on circle y radives w
24iS

wrie Store to pardontice the circle

we set a map to bee circle by looking at

((z) Twee defined & Its : assure no roots]
7

| p(z))
·

L we wile fo(s) e
For each r

,
we have a map to s.

↓ (0) = Jo (1) so a loop !



we ca luber nocrates : Let J. (5) : e)
-with this

,
we have J.

102 = J. (1)=
value at Zoro

to normalise

If v= o
,
Men Jr(s) = 1 = Wo(s)

what happenswhen -o ? betteride y zu donimates...
WB > map around

For a value of to sufficiently large circle a times
.

ro <Ela ,
H + 192l +... + 191) and 13

Intuition : path yous around circle n times = Lind homotopy
2Pt(s) = zu + +(a ,

z"" +..- + an) [Po(s) = (insp ,
(s) = p(z)]Consider z : e

For fixed z,
- circles !

lices map
linear homotopy ! Pegronials ->> pains now

consider
g +
(s) = pelvoeis) & normalise to unit line

+ ()= j + (s) : 10 , 13-> sck

L g +
(0) = j + (1) = 1

Startat

Clai ((s) is a cts function for Ott= 1
.

For 121 : 00

I Need to know that P+ (2) has no zeros for Iztro)

u Dis

1z1 = ro 3 I a ,
z"" +. --+ and

doesn't go

proc

17017271/19 , 77 ...
41an13192

gThus Pt(z) has no roots for Iz1 : %. On

Now: two homotopies , I and
5

.-

Its t goes from O to to

& J, gues a homotopy between De

constant path fo(s) = 1 = Wols) Juedeund Fro going aroused red
cele n tises

& As + goes from 1 to 0
,

(s)

gives a horothy between 7 usedLas

I. (s) and
,
(s) = edins = w

, (s) exocp

Puttief Rose two homotopes together
, we get a homotopy rel

endpoints from wo to wh



conclude n = 0 as I/S
,
1)=

=> p(z) is a constant polynomial. X E

-

Monday 30th October 2023

wide (7, )
,

X top. Space .
EX

If hix -X / hk go ,
wor hi(x

,
pol-> (X

, yo)

If h : (x , 4)-> 15
, yo) ,

Den there is on induced function

he : iT
,
(x

,
x)-> H

,

(X
, yo)

X ↓

:
10,13- &

h

See LN
...

·

p 8missedhis ! & ·
y.

Europe let P2 : S-S, be given by Pa(z)=
E

daim that (P2) : it
.
(S1) -@

,

Cs; , 1) is area by walt We
SS SS

& 2

n-2n

check: (Pale /(w. 3) = [Pzow . ess] = leep ?

Luna: The induced homomorphism setspes

(17 (Id, + = Id
+, (x,03

2) If J : (7
, 3)-> 1, you and g

: (% yo-> (2
, 20) ,

men 1908 = g. Je

Boo : 1 is clear

(2) (808) ((83) = 1900003 =

g + ((jogj) = ( + 0 + )((83)
u

hossetopy closs Turns into a Q
y some loop

gard
aboutsorps&
homomorphisan

.



# If J : (x
, x)-> (X, yo) is a horomorphism

,
men De induced map

spenes

↓: It ,
(x , x)-> I, (x, yo) is a group somorphism. H

groups ?

Poor: IdeG (4 , 00)
T

↓ it
, yo)D Idir

, you-
f

- 1

by Unma

I di
, <, )

= (Id,) = (6"of) = (6) 3(6)

Id
+, (x

, y)
= (fe) 0 If" Isasuy logie]

=> Go is an somorphis (left right inverse) E

Example-

Let 5 : S-> D" be te inclusion of the boundary
let r : D2 -> S' be

a retraction
,

mat is rot = Ids,

D
2

- 503

T
&F

Te

#
,
(D2

, 1)

r

Y

-

si Si ~

Ids
S

T
,
(s'

, 1) > T
,
(s

, 1)

↳ Id
, Cs'

, 1) ↳

Me: I
,
(D2

, 1) is timed since bior homotopes show every loop is

homomopie to the constant loop at 1.

There is no such commutative diagram for groups
E & horonoptiss

.&7,

Dere is no retract from D-5'.

maps ,
hard

to con homomospetisers
when may
- Much easier to&est

How topologyworks...



Ihm: Every its map h : D2-D2 has a lived point
x D= (h(x) = x .)

However ye

Prof: Assume h has no fixed point map trie

upstairs to dow
&Since x + h(s)

, Rey stars
,

Here

Let ~(x)
·

h(x)

!⑧deterio a ay First be a nied
point .

&be ma 8x

print
· r(x) If x + 5'

,

where Da
ay

then ~(s) = x
,

& h(x)
intersets S =

x

bousdang g p Thus
,

r : D2> S
L
rayv/voi = Idg

L B

indusions
But no such retraction exists map,

=> have created on impossible object.

&-
-

-

Borsute Ham Deores

Farayes ats map % :-> H
,
there exists a pair of antipodal

and - x in s v/ J(x = J( -x)

# => There is no embedding of 32 in I F I won't be injective

② => At any given tiese
,
Dere are two antipodal points on me

earth at which the temperature & Humidity are thelame.
-

its on ic?

&of : Assure Done is an f / J = fix) for my es
>

Define a function o
:-> A

2

by g(x) = J(x)
- f( - x)

Byassumption, g(s) +0 at x + S?

NoteChat g(
- x) = f(-x) - f(x) = - (f(x) - j(-x)) = -

g(x) , call
such a function odd

. (like trig]
Need tohanside to topological longuage ... How do we doDis?

↓ #22/503
P S'

g >

...
-- -

---
..

- 3-
· v

,
= (1

,
0

, 0)
8 /+

y base Y ↓
points -

↑

iiTo , 13 ↑ T p(x)=



p
:

3 a deformation refact to S' C: +2/303 so five]

p is also an odd function

Hence , pog is also an old function.

Parapetise the equator :

↑(s) = (cos(2is) ,
Sin (2is)

, 0

Need to send basepoints to each other so normalise,

Let p , (c) = Don p , (g(v , )) = 1 Trotation]

: p, og
: /S2

,
v

. ) -- /S
, 1) Choreoroptism]

(p , og)+ (N] + i
,
Is

, 1) [induced maps
-

what does one what about oddress? Antipoda
induced map point on one equator ?
do to me

equator ?
S+ E

whatoddress hastates

↑St) = - +(s)-I
too -

outpodal pointor

equator... p , og04(s + 2) = -

p , og04(s)

FirstCalculation of (P , og) +
14] : /WiS loop is trinal)

D [43 is trired in It , ID2,
v

, 7
- _ : the diste is conver

Dist --
·

sconrex But D2 is not on s ? How get mere?-

.....
=

////, or , Project ! Define 4 : D2-> 5 byhomeasosially.
↑(x,y) = (

, y , )
upper Lesnisphere

Z alue to pet
- on the sphere !

↑: (D2
,

r
. )-> (UH ,

v
, ) Chomomorphisms

,
bosepoint preserving]

↑ IT
,
(D2

,
v

, ) ->, (UH ,
v

, ) ison isomorphism

& [N] is trival in H
,
(D?

,
v

, ) => (43 Live in I
,
(UH,

v
, )

loss class
- -

(p , 0g)+: H ,
(UH

,
r

, ) -> I , Cs', 1) ,
takes [4] to [0]

The constant Y
so path zial absent in& v - i,

Cs'
, 1)C

- (p , 0g) + /43 ~9· ]Ei , (S, v . )



second calculationof (P. og)e(NJ :

will use the address to show Dat p , Ogo PCS) is non-trivial ,

wide h(s) = p, ogo 4 (s) 2.

oddness => h(s + 2) =
- h(s)

C u
conery

&

By listing thm
,
Jh : 10 , 13 -1 s .

t. & E

&S
poon = h

,

(10) = 0

-,

too
Es & I

(1) EX and heWm where m = (1)
&

his mysterious, but we know

Poo(s + 1) = - po OG(s)

We do know some other real number to

- Po(h(s))
- mapping

Po(n(s) + 2) = exp(2ni(t(s) + 2)

= epp(> in(s) + ii)

= exp(2in(s))ep(ii)
=

- Po(h(s)

=> Two different points hopping to severe pet in circle.

Conclude : Since
any r,w'w/

De same isnage moder
po

differby on integer Igog up e hi i stes,a

& (s + =) - (h(s) - 2) = n
,
2

Apriori , as depends on s
,
but LHS its function

of s so nin, is constant.

&(s + 2) = G(s) + z + n

Take s = o
, => Y(t) = (0) + y + n = n + 1

~
= 8

Take S= = ~ (1) = m(z) + n + t

substitute : ↑ (1) = n + z + n + = = 2n + 1

=> GE Want



But 1st cale was ht wo

Dus In+ 1 = 0
,

0 even
,

Int odd X
-

Crop wout mis property of makes breat 3
-

Proposition :T , (x + X
,
(

, yo)) = H
,
(x

,
x) + I

,
(X

, yo)

Proof : R +S is product of groups.
g

6 h
-

A basic property of groups -

is that a function f is

determined & determins a pair it
,
(x , x0) f i

,
1 % yo)

of tractions g ,
h s. %

- f = /g , h) f

2

" X
↓

Bosepoints still -using
m

IlRose, just- induced map - (x ,x) x I
,
(X

, yo)
mored for H

,
(x + x)

-
L

ease...

↓ Note mat ++ x -> X gives an induced
(πx)

It
(πy)*

-
map from It

,
(x + 1) to I ,

(x) ·

I
,
(x) iT

,
(Y) this is a homomorphism F = ((t , (tye

Yx A besie property of the product topory is

But a traction f : z - x + xis

M
,
(x) + +, (x) as If one maps g

: z- X, hiz-X

defied by J(z) = (g(z), h(z)) one both dis

hTake Z : I d we get a e2
way

to constructlops.
X f Y

i : F is surjective - ↓ x
Tx =

# Piete x + X I
Ux UyY &Ha Hy

((U=
3

, [Ux3) = T
,
(x

, 4) + i
,

( X
, yo) X H ! (0x , 0x] Y

construct I Phen
, (8t , Ux) is a loop in x + X - x

pass which maps to Ux werder It and
x + X

UX wonder My

&t o greThis shows subjectivity. &
products of specesclaise : # is injective-&

Pf : clains at J is a lop in XX that maps to the
-

trial elecent of I . (1)
: It

, (1). We have a homotopy
H : I : I -> X + X between (8x , 0x) and =identity

contact
hosadropies I H = (Ho

, Hy) where He is a homotopy between Ut and e



indiferent Land He is a homotopy between UX and e .*
Be constant

Rises mapping path...
tome some

=> construct a homotopy to show mey one the same,Busy #

-
·

N

z towns ...

S< R
+

-> I, (T* = ' (s , ) + it <s
, ) = 2 + >cosollory

11
Pf : S' x S ~somophie .....

----

......- ·
&-colony : I , (TV) = & " &--

The Fundamental Group of thea-sphere for ne, z

&

Stereographic Projection · N(x) S

Let N= 10,
0,

. . .,
0

, 1) ,
S = 10,

0,. ..,
0

, -1)
W

Rose is a homomorphism 4 : S"-EN3-> PsN

Also, we have ↑
s

: S" 555 -> Pn = (3x ,
2 , .... n , 15)

Let U
,

= S"/EN3
, U2 = S"/ESS, *

lines

daim U
, nUz =R2/303 is path connected

this canoa

↑
hesneacoplic ·

Proposition: For 12
, 2

,
DoES"

,
H

,
(S"

, xo) is final group.

#roof : Say we have a toop U ,
assume of N

,
S

,
based at so

U
, Uz

8 : 10, 13 - his
a

&
cop

↑
u

, nUz

unU : Co , 13-S" . Consider 8 "(4 . ) and U"C
hose I

,
Find a finite

De & CU , nuz
subconer.

- Lie completely in U,
& in

Ultj ,
+
+ 3) < U

,
or immery in uschoose to = 0, ...,

En = 1 S . t · Uz

↓ o ta

I I I I I I

i
"co



WB & is trial . How ? reparat
- sation

C

Let Uj(s) =((tj + S(tj +,
- tj)

Uj : 10 , 13- 3G Let pains - loops

g

&U.
9,

B = 180 · x
,

1 · (2 · U ,
· (2) · ... mi Umi <m): m

· (a)
2

*

((0)= Byassumption, U, x
,

= es
Wo -

: 82 :

xn = 20 J entigu
,
4Uz pass
connected

:. Be Es ..... exes vel f - homeyi
Reassociating : B = U 1

· 19: 5
, ) 82

: (d · [2) .

... /m : m) Um
um we -

= 2y(t , )

=
ey(tz) = 2y(tn)

= J ,
.

. . .
. Um rel S

= j rel 2

Jes rel G-cladeby transitivity of hororopies

Thetechnique for this pro can be used in other situations.

say that U
, 112 are path connected; U

, My are not

S i

play connected. The proo strons tot

IT ,
(4

, 042) is a product of elementseng
electedT and

-uc
: A path connected space X is simply connected y

#
,
(x

, x) = 5(900337 303)
n

7

Note: Recal that By :
,
(x,) -> H

,
(X

, x) --

Bu(f) = (5 . J . h] ,
so S"Enc, 2 #"is Co

simply connected.

-model
colony : #" is not homomolie to RV for n + 2 Set
Proof :

Suppose +: R ->&" is a homomorphism.
Asaas a

- we can

Das 5 : R / 503-> 11/36103 is also a

pare pol

-

horio
.

i



In case n = 1 : 1/303 disconceded
,
IR2/581013 connected

so not homomorphic . REI' · Using connectivity...
For
any

M RY/303 = RX S""(hommot proble]
So

#
,
(I" - 503) = I

,
/R + >"(

= T
,
(M) + i

, (S"")
- trivialgp

I 303 + I
, /S"")

= i
,
(s""I

Thus
,
I

,
(2 - 303) : I , (S') = 2

For nz
,
I

,
(R" - 503) = I

, (S") = 303

Since homomorphic spaces have the some fundamental sorp,2
I
,

see That IR-503 not homomorphic to R" - 303

for n >

-

it
,

can be used to show that spaces are not homotopy
equivalent to and anoper.

12/503 is Prop : If % : x - X is a homotopy-L equivalence, then 60 : i
,
(7

, 20)-> #
,
(X

, $(40)

⑧ equinabrit is an somorphism
-

>
comers

S

-

to

bet Proof : End 1st
.not

Gore-op t

Lernand : If % :+ = x homotopy, ↓ a path from-

# 15.) formed by the image g A base point so fort

te lo , 1)
,
Ren

subscript is

Parameter cove

T
,
(X

, 4 ,
(201)X -

o to 1

40
g8 T

,
(x

, x0)

(9 ,7

↓ BuY (0)
D

h(t) = q
+
(x) G

,o
Dig diacross I , (X , 00(40))go comments

&· do(x)

homoopies snor base point

il
,

cares ... connect !



Examples of Homotopy Equivalent spaces

PL + xx↓↓ fr # i

#2/ 5-1 , 13
inclusion X

- X ↑↑1 -
voi : Ida homezopis

>& ior = Idx--S - 2

-
11- -X ↓
-

A X

--
~T/y) retraction

Deformation
Retraction &

② X - Y
daini

② No O Idx

& ou = Idy
--

Proof :
J T & 9, 181

Coffe Let
&,
(d)

&

Umma)
ht = qf(x)

= · ↳fijir a portclos hy(s)
X -

t value
2 &.

(x0) &

Define ht (s) = h(t . s) for se10, 1) O ·

y
L

resealing
Seco , 1) So

tSt (0, +)
D

Define a homotopy , ht - ( %
+ 06) : he·-

De path for
some t lived. This shows Rat

8 (f) = By /P, (f))
What is Ris ?

8h
+ 10+ ·8) : he => ] = (Bh(p , (61)]

Dis is the statement thatWhen t= o
, this is the path do (f) the diagra commutes

when t = 1 , this is the path h . (0
, 181) · 5 = By($ , 161)

up ,
aroundI but again

To show dragons commutes,(where Bu(f) = (h . g . ] we have casseted a honotoybetween rese two loops E
=> have the sasse homotopy clos



Idx -# If : x -> X is a homotopy G XD=dyequivalence, then 60 : i
,
(7

, 20)-> #
,
(X

, $(40) X
·

S an somorphism --
①

Proof : &*
#

,
(X

, q(x))
↑- - Kama says This

diagrace conventes
(404)

*
2

~

TT
,
(X

, )-#
,
(x

, 4op(x0))

I X-Idx Bu 2
This change of basepoint

7 1) (X
, xo)

hap is an somorphism.
& T why ? Can write down an
somplis

too inverse ! (BuS" = Bi

claim that Neo O is a bijection
route on bottom[ on top Iroute

This shows Bot De is injective.

·

m
-

-
-

--

& **

If () = $* (y) for y

Den 4 (%() = telelys) but his is a bijetess

=> x=

y E So injection
&

-bijection so

↑ injective

#
,

(x
, 40) Ee i , (V , $10)
E

,
(x

,4) #
,
(x

, $14(0(501)))
-

bijection so

& injective

dais d is a surjection.

⑳of say y Im (41)
,
Ron Poly) is in one case g

↑ (y) = 4 (4(x) for soce X X
Yee

X &

This Brows ↑ injective S

>-> ⑨

·
->-> Y(y)

*

-- dy(x)
=> sob is a subjection

-

=>I is a bijection so isomorphism .

E



: A space X is contractable of it is homotopy equivalent to a point

e. g. "is contactable (linear hornotopy
coratory: A contractable space is simply connected.

Proof : use Umana
,
I

,
(7, = 503 & Isomosism-

wordling : s and Th are not homotopy equivalent-

Proof : diferent it, # ,
(52) = 22 iT ,

(T ) = 503

cooling For n12
,

so & S' and not homotopy equivalent

roof- Different fundamental groups , "and w/ n32

Note: S"for 122 is simply concented but not contractable.

ENeed more imorists for this ...

-

In understanding s ,
De helix picture has important.

we want to develop a moreobust theory y
covering spaces,

andReir connections w/ %fundamental groups.

⑪

Is there a nice

covering space that plays be be
of De helix ?

Homeropylisting Howe forhomotopes
a

what is the fundamental group of the figure 8 ?

·Given a homotopy rel 6
, 60 : I -> X w/

↓ 10) = %
, fy(1) = x

,
+ EI

Given an DotF, Doe is a uneeto the

set where o lists & the to list to me some endpoint.

& : Apply one general lifting to us X = I



I &

-

- ·
-

-

teI- (#)

- GLT gives us

-

-

-

O

pain t+ ↓+(

SsayO St I
I

Apply uniqueness of lifts of paths to

↑

note
,
5

,

= To'
Observe

,
the constant function + , is a list of~

de (1) of Jolisic,

Two lif of be same path my sorr inital point,

& Fl quesalist of
De westant path f-

② The constant path +-
, gives a lift of the constant

pathf +
(1) = x

,

By uniqueness, Je (1) = <,

-> conclude not one two paths are be sams
E

-

say p : F->X is a covering space .

Prop : the map P
: I

,
/E

,
co) -> I

,
/X

, 40) induced by one
-

covering map is injective and the image consists of homotopy
classes If loops based at %

,
whose lits are looges .

Example: 58s'
, polz)= z4-

& Honk(po): 0-0



>F say Jo : I > I is a loop

& which is mapped to a trivial
O in X

.

If (p(jo)] is trivial
,

Rose is

ayp1f some homotopy·) =Jo So with

↳ jo = +, and J: eso

W X By per result
,
there is a list

Po& It with Jo: Jo and

⑲ J

: ,

Due
, Jo is Nival in I

,
(*, o

A homotopy between
pog

and J

I loop upstairs o
g E

L-
② projects down to a loop O

downstairs&f is hosotopes
to this
↳ we don't front lits ↳ o

to a loop,

8.⑤ If you list you hororgy So· LO
X

J W

S : o S = 1

For 5550 , 13 constant so they are loops :· constant
T

&



Monday 13th Nor 2023

Example covering space

DPy : S> s
py(z) = z4

b C Peter

b
- give lepe better

(P4((n) = 4u

(Pule : I
,
(si 1) -> H

,
IS

, 1)

O 2-

↓ P4

Os' aclosedlop nder pi
② p : R-> T

p((, y)) = /edi hiiy) Es xSC4x

8 & p"(x)
: D

D

and
s

P

--
g · *

WooI * D00
D

Rp2
- SetY his

③ p :s ItS

p

~

------ -O is-



① covering space of te figure s

X

b
- z -a&

S

Consider Tr
b His pt I
C machin
-

& 2

· S:&
~

periret

Russ Labels debernire

a craving map b every pt must

--

p : (t
, x0) -> X

,pr)
be everly covered
each p: (u) with both

that of covering spies Proud have 4 branches.-

g ou regu 8
. Lots

of possibilities -

a m
,

a out

b
-6 m

,
b out

⑤ => honeomorphism
type explains me·D 4 products...

3

② D D D: D:-b 7b

&

&
& a B

&
&

Jim bout

a i J each pet home sorte

d out ... it works!



·
"infinale telephone pele-

1
- b

br

7 · a & a
It's

&

-

~
b

b

"I F Dis has no loops

I I
in it 7 simply

connected
-

example of a simply
connected covering space of te figure 8

↳
can mix finide & infixate to get
-

oven p : /F,o) -> (7
, 40) a general covering map,

want to define a pop

9 : Gloops at 03 ->> P"(so) Y

say 8 : 10 , 13 -> (X
, xo) loop .

: loop ,
Dere is a unique list Y : So , 13 - 15

,
5)

Sot . (10) : so

poj = O
=

get j
*· &(8)T again

projectdonn ja

Defi &(8)= (11)

·
~ homologe

-

7: If U = & rel 6, - U - -8
Dres if we do zi lif

oO
j' = & ref Defined operation on

=> =(0) = 5/1) & J(1) = 5'll) loops&actuallywell defined on

In particular , $(0) = Y" (1) = J (1) = $(0) homotopy dosse



consider mat of is well defined on homotopy classes of loops, so have

loop -> left it -> value at

9 : It
,
(x

, 5) -> p"(x) end pt ?
- -

group set

Tho : Given a covering p : (F,) -> (x
, ). If 7 is path

-

connected
S

Don o is surjective. If I is simply
connected,

Ren o is bijective.

Chelix is bijective, In are surjectives

↳and

If simply connected by we pass .

in to oa

g Proof: Consider Bu path-
· x

,&

- J . g .

g His List⑳

So~ => (6 · j) -

g =j . (j . g)
7f

w

(- J .

e

e
= f

=> g
=
g
-

FoofDisa

·D : Assume I's pain converted.*say p(o) = x
,

let I be a path from T to 5,

let poj = j ↓ f
W is a loop (m/ list J

surjecting
&T# (8) : J(1) = &

, a proces

&: Assume & is
simply connected

, Wis bijednic

say $10) = $(8)



7

since I singly consored

&Grea => &I -·

,-Project the hometery by P
7

=> jg ,

=> (83 = 38'] to

Dr
-

Rep: H
, (RP2) : 2/2x

Pro :
=> p : s-> RPh is a covering of degree 2

.

I , (52)
= 303 : S is simply connected.

we showed Bat in his case
,
Is a bijection

8: I, (RP3 -> p" (0)

we conclude that it , /RIP3) has I elements,

Dere is a unique group w/ two elements
,
2122

⑳

-

Pop: I
,
10 , "0) is now abelian

a

Proof : 23 p(t . B)
-

C& chosen
- M

· base 8C point. 8D Id W

7 i
-b

/ "I
>
a

7

e
&)(B . a) list

Y
&

men b
list one b

b
- loop

loop Den
be a loop ,



consider Dr loops a : 10 , 17 -> a practisingDe
rightGo + B: 10 , is-@

b parametrising the left l.

his (aJ . (B] + (BJ 19] Celescents in I
,
doesn't commute]

Sime 13 . /BJ : /a . BJ suffices to show

(c . B] + /B . c]

compute & 10 . B) & ↑(B - d)

conclude $(x . B) + &(B . C) from computation.

But o depends only on homotopy class of
=> (2 . BJ= (B -x]
-
-we

say that a space (X , n) I leally path connected i
for xt X

,
and open setU contains Den There is

any
·

egBC U .an open path connected Set B with xE

pash connected
-

· C but not locally
path connected.

This point-, a local
wisborhood g wil

not be locally pass-

Topologists Sine connected.

cre

This is equident to saying
that the collection B of pain

unnected open sets B is a basis for the topology

u = UB; [BjS
jej J jej

BjEB
-xists!socretions Di Lift
Lifting Criterior

sometimes it doesn't exist.
=>

Mm: Let p : /E,)-> ( , 30/ be covering spaceand topdory>

+: 1t, you -> ( , 4) a mos w/ Y /,
te

pask connected I locally pat connected.

Dond List F : /x
, yo)-> ( , ol ↑ ↳ o

exists if to (it
,
/

, yo)) < pe(it , (F, 0) 17, %: )ex , so



Tate Y jeide Lore Y coll

X cil J no map from faite
coverto He 3

* Kalit

& craps y fundamental groups :

I
, (,)

I
*- ! P alebais question

resolves ne

problem...

Fe
it

.
(x

, yo)- I
,
(x

, 4)
I S

->Roof: -

If me life I exets,

P (T ,
(5,) > P+ (Flit , (x, yo)) = + (4 ,

1 x
, you)

&

E'want to construct to now.

~

( ,) ?

Assume to (it, (v, yol) < Polit, (F, col)
Let X X

, say I path from yo to y

If F existed
,
it would S
-be equal to to p by For

1

-uniqueness of path usting To
+ not F !

-

f

... 10
j f f(y)~

Yo

--Ul fog
yo %

Y



so F11) would be Fog 11) , im particular, we

have uniqueness same exepts]
=> just need to show existene how

Defie F(y) = For (1) .

In order to rabe the definitions
,

need toseats that
-

for (1) is independent of g
I just chosen to be

soral path...

Let U'be userd path fromyo to
y.

wis toy' doesn't listsorrensse else !

consider te loop
hypress, me Gop

:,
a top

(oy') . (foj) is in

De rese of

P+ (π
,
(

, x))

From Last meets
,

me brow (70 %) (foj)
- -lifts to a loop in /F,.

fog
T

-o ⑮

-
-

i
for

↳ o
· y for

! ·

- wiy
7

7 ↓

e -~-so- Y

j -

fog
-

De endpoints & For are the same as forare

35 , Eoc1)3 = 300 , For (113
-

so For : for =>> consistent way to define the



lifI Beat doesn't depend on the path.

-

Finally, need to show Beat f 33 its

-

n Din
sanien-

& F(y)

·
- -

- -

S

-2us its
composition p

>-

77
G

V t f(u) U--*-

·

y8 ⑳·

y -------

Let u be a ubbely thy that is everly
covered.

ut

p (n) : Ww
- disjoint

H
Ut

local
union

pasty y coming Spaciinartimea
so that

f(u) <u

Pete

y't.Using
path connectivity,

Doesa

parts2 to y'
Nom

,
ino for is a list of F(y) starting

at F(1)
.

-

Basicently, Obtain I by t and Dun its

SF(y) = in (fly') & + is is.
7/

de If Is in terms un-guess g lifts says-

Y lets . we use a particular regiea ser
int so F= inof

T ↑
us 43

composition g as hunters
=> F its

.

*



Galois Reorey of covering spaces

Part way Drough correspondence between spaces & groups.

& let p
: (F,) -> (7

, 10) & p. : (ii)-> (X
, x) be

& pare equinabet f thercoveringspaes.

We say. x,)- (,) so But
-

-S
I

h(, -E, )

o I Sp
1X

, 30/

Eg the
covering speesy

be figure are
equaleoe aJ 9 homeopoptism

-directions
- Labels
- baseit

scortice idea-

-
Dopi If X is path connected locally, Ren covering speces, men

↑

covereig spaces p :F X and p
: F- + w/

↑, I' pat connected are equinabet f PECI, (F,)) &

Pe(H, (F)) are
equal,

abo



Missed a woremeek...

Universal
covering spaceastacces proof ...

Roy that over is simply connected-



Monday
27th November 2023 27/11123

-

covering space Ep : (,) (x
, 40) ·,

Two
covering spaces depend on base point. &what f you chosse base point. ·

Are those two covering spaces equivalent ? ↓ p

Yes
, they are me socce

.

It's a translation &os

by 2 . This is a det transformation.

A deet group acts on the covering space.

In general...

covering space (5
, 50) & ( *, 2

, ) are equivalent

#

Dove is a deet transformation : F-> E taking* to ,

(* ,
55> , , ) D X connected

T

↳%o
② X leally connected

X locally simply connected
(x

, 3)

D cusing the machinery from lost mets]
&(for me universe cover p : /E

,
ii) -> ( , 40). The

det group is isomorphic to # (x,) & It acts rasstivly
in p"(40) /group action]

- one way tes describe universal cover
,

Prody :

-

we know I = 3195 : < a path in X starting at 203-

let (83E ,

(x, ) · Define [p((63) = /U . 2]
·

y
loopDon path-.. -

: For

+j .

= Ty . p D x X

conering space oRece is
every subgroup H

, y TT
,
(x

, 40), -j

(H
,
4) with im(p + ( *y , 5)) = H

"Proof" Start / universel cover E = 3103 :
- >

-

Define equivalence relation on pass,



yx = G . B for her

19Tv/B] (T = Ch . BJ for IhJCH

⑤
Take * = En clooking at one orbit space ! ]

p: consider a covering space Pn
: (E,,)-> 1x

,
401

The dects group acts It is a normal

transitively on pit (40)
simply #

subgroup of It, (x,%)

Example : consider Rose covering spaces of &

-

Date group is
be HH a ~ transitive on

a ba EH 7 verteics

b &· ~ b

H
,

D
Sa buQa

This verlet can

only go to

Hz ↑ itself. a b -&

b * D ~ a5 Is
E

a ba ( Hz d -b T Dest group is

=> He is not normal
.

trivial .

Not acting positively
Not hard to prove ,

short course

on vactises.

Need to understand what they're saying...
Freewhat is It , ) 0

, ) Top ?
-

list :
,
&122

,
22

/

L

What is & Y-group --- a



#
,
10) is greated by 2 elements a b.

Let 6 be some group generated by a and b. How

distgish #
, 10) from 6 ?

say
6 = 22 & a = (1

, 0) b = 10 , 1)

consider the wood abat This is equal to 1 in 6

Iummute - G so can scritten
rund]

Net equal 10 1 in 1
,
10)

a bat = 1 => ab : ba *

7 abdier,L
~

> not abeliass

let s be a set of generators of group 6.

A wood in S is some finite sequence of letters
in SU5 e.g. If S : Ea ,

b

word could be a bbabaab

A need I which corresponds to te identity ! in 6

is a relation in G.

-

w = a bbe formal word 28/11/23
wa = adba evaluated in group 6

W = a non-trial nord
Wo = I evaluates to identity in 6.

Def : Given a word w in sus, we call a pair of letters=

55 in I all inverse pair. E
. g.

w = aababaa

Def: Thes words we w are simply equicent y oneran be
<

obtains from me oper by inserting a sixele inverse pair.

w
,

w/ equivalent of Deal is a chain of simple equivalences.

www
,

w
...

- Wan w

B : I is reduced
in here are no inverse paiss

Dop: Every word I is equivalent to a
reduced word we

-

I equivalent to a woodsmelling pains
,

we reduce ter boshPog : Induction on bath . By minimal Geoph . possibly empty-

w= 0



Now: want to build a

copy of one universal cover of De Figure 8.
-

let he be the words in 19
,

6
,

a
, b) mating aE #grash

For each educedword we W
. Assign a verter V

For each reduced word we w
,

we attaton on "a =

directed edege

d a

& 2 D D C ·

Un wa V w
wa

Attach "b
= directed edges the

way.
is see

b 6& 3 g D

Un is wi V

&: covering of fre
8

. We chee u&

· Wab

ba

V

a a &

· 7 ·

wa
& a

·O
~ b

·

wat

in &For
any

word w
,

reduced or not
,

there is a painOn
b-2

obtained by following the edges specified bythe letters in one

specified directions.

Let * desire base
↑ covering space Letea e empby &point, - & upt t

TE Starting at Vo unique

Examples ②
Ifa

reduced -> path us no

D
w = abac = a bad beets tractesig

n() = Vab Vab &
Vaba reduced

Vab Vaba

- Ie-ridpt - Um( = Ve / Vabaa(
-

a: Vo
Vo

7

Va We : "W reduced



&1 : If we is reduced
, Jw() = Y

figure
Boo: Induction

z

wodlog: If we is reduced by not empty ,
then Y,

1x%

=>

the identity .

B: By homotopy Lifting , Yw") is independent of the homotopy
class g Un

If On constant
,

we will have Jwl) = Vo
⑭

Pop2: If wor
,

Ren On = Un constructing elements

roof : homotopie
G

in traddestal↳ to M b group y De

- ↑ ↳L
~ *

cover
y me

soa Lege
1 b 1 d

A

If W is simply equir to /

If w is equin to w
,
get a chain of homotopies.

Un = Un
,

... Jun Un => Un = Un #

&3 : If Un = Un ,
then w -w

!

Sequivalent)
non-obe

... depends here you coul pairs
.

--

&of : Have besee v & w/ each eque to reduced words
We I We'

horotopic assumption

Itfollows Rat Un.* Un Un , Une

Ifme lit be loops. Ju Yu are homotopic relf as

paths So

W =Ew") = Yw ,
(l = v

w W
&

20

ww m = we -w = wa ur(

equivalent &

-made



FreeGroups 123

Let F(s) be a group where s is a set of generators for

F(S) .

The Group FIS) is a free groupgenered bya
for & set map

exteritygroupsenorphism F : F-
-

uniquely F(s)Examples F- -

/free abelian ! &D F(a) groupsj

j ..... G restricted
5- 6

to ablids)
t -
&[03-> 6

competely abitoy
De infinale cylia youp greated by sas is be per
group F(a) Sa" : n =23

When is a wood a relation in the group? Evaluated in G & Ido.

# relationsf veningfreegroups istheyhavem minin
aOne

may -

- sayelect WF is Do free group levaluate in tree group]
we abbac .

W also gives an element wo in G y
WE =

Wj = +(a) + (b) +(b) +(a) +(a) + 6

Den F(w) = F(1) = 1 so wo =

Free groups ad

the minized # f(wj) = w
,

of relations8
&In

to mate it a Only one identity
group

Wi
=

ng : 1 -> lis orelations

-classedin Lecture...Prop:
-

say Dat F(s) & F(s') are le groups , generated by sets
with #S = #S'. A bijection h : S -> 5' determines a

unique somorphism +:F-F) taking ses to

h(s) t SI
-

Proof F
J S ...

(s) = nIs
- F *, WANT YY & = F

-
#

5 -> Fl S
I

>
>



consider goj
Force definitions

goj(s) = S
att .. -

-

uniqueses of hoo- goF : Idi Nif is

going
on !

& tog : Id+,
⑮

Coudndl : Any
two free groups /greated by to elements a &d)

>

are isomorphic.

we're described its properties of they are consistent. But
, does it

even exist ???

A free abelian group does exist.

Does the free group Fla , b) exist ? Is Dove a group at

satisfies Rose properties ?!?

·, /8, is Re bee group gealedbe
we're invested this abstent definition that exactly

describes this

group !

=Proof : saywehave agroup kingendis
homomorphism F :, 10)-> 6 With F(a)=,
(b) = B .

19 ,
b are two loops]

y w = babb

Given wel
,
10)

,
we can write was some word

W in a d 6
.

w = Wh
, (d)

levaluated in the group]

4(w) = wo = < BC BB
-Define h (w) = We evaluated

in G

What if we chose a different n w/ w = w'
T

, 10)

his w doesn't depend on word choice.

If we it
,
10) is represented by two words w & W.

& w = Ow & W = Ow D3 = Now so
-

o ~ n
, ...

~ way w n is equivalent
to

But
, y wj-wje ,

is a simple equivalence ,
when

(wj)p = (wj +1) wj = xBxB·pie- wj+
= ↓BxB

when you evaluate the wood,
Re inverse pair evaluates trivially.



In scree I is well defisedI uniquely determined.
word (9 , b) -> XB Seba .

F is a homomorphism you stret words together

& you set composition.
T

what have we gained ? It
,
10) is the free group on

two generators.

# , 10) is reduced words
·
Take a wood

, reduced it
is unique.

Fundamental group ofjigne -& aleta o y
free group of 2 gerators looks life reduced words.

Formal do -> positive outcome
-

4/12/23
-

say But (X,, ) & (X2
,
2) are posted topological spaces.

Define X
, rxz to be X

. WXz/ra W/ bosepore ,: 12

--C..·11-

X
,

O



Example
-

S'vs' = &

If we have a collection of spaces induced by a

VX = WX/ where Care Fx
,
-

The wedge ofn circles is the rose u/ a petes

&
---& O

De fundamental group g Ri rose w/ n petals is one

free group on1 generators.

what about te ose my infunately many petals ?

-

Fadom shit about neats topology. In complex...

-

Let 6 be a group / S

(Age G g
= S

,
S

> Sz ..., Sn
generatingst ms][d

F(s)
homooplisis

set gall F(s)/
wood in generators

educed words ↓
evaluated in 6

on elements

g S
f

Free group Sus G

By properties g ter groups,
there is a homomorphison

I wase F(w)

reducd
inwood

G

w=

g" .. g
wo =

- Cultidistant



Since S generates G
,
I is surjective

Y
N -- F(s)-> 6

N = Her (f)
Nis a normal subgroup.

The elements of N one relations in 6 Beat map to Du

dentity .
N is called be relation subgroup.

The 1st somorphism than => 6 > isomorphic to F(s)/N

6 =
F(s)
N

so describing or tells us what 6 is.

How to describe N ?

A Set RCN generates N Die
-

elements ofod normale conjugates
j

generate N.

Ris called a complete set of
relations.

G is determined by a set
of generators

S
, . . ...

in & a complete set of
elations -

...... in

we will
6 = < S

,, Sz, . . ., Su)r, ,
. . ., om)

--

generatos relateosis

Examples 2/n2 = = a(a")

2 = = a)

2 = a
,blaba'd'

Diledeal = = a , bla = b 2 = (ab)" = 17

: = a
, 6/a = 1

,
b" = 1

,
a ba" = 6"



2nd lost Lecture ~

- Xn 23
↑

In
&This seting ,

here is a covering space n he Leguro

N -> F(a , b) -> 6

Fla, = G

Example I
--

G = = a
, b)b = 17

what does I look life ? N contains all conjugates & b
N

in particular, a ba
-

b b a"ba n

4
C 3

!

---

& & & &a a 9 -

7 & 7 7--

Deck group acts transfinely onvedies. Any veis

He keiten to acryDeute group on covering spaces.

Example 2
(aba

" b" = 1)-

↳
2

= = a
, b/ab = bat

=

S T a

br bu 61 -b
N = <

a
9

9 dect group it
--- & > 3 ---

translation
b bu 6 br

a T a
i

Van Pampen's Thm tells us how to describe te fundamental
group of a space in terms of pieces of the space.

#1 : X = U
,
UUz where U

,
Uz path connected.

und U
, 1Uz is simply connected.

Then
H

, (x) = I
,
(4

, ) * I
, (42)



Free product of Groups

say F = =

g, , . . ., In 14 ....,
-m

F = =

g , ..., gul t, ..., " m .
z

Define F * F = <

g, . . . ., gr , gi , ..., gu I r
, , ..., m

,
r ,,..., umiz

S
-Famo

=X = = al + = b) = = a
,
b)

& 13 = 513 + 513 = T = 57 * 7

Example # (s' vs') = i
,
(s)) + i

, (s) = 2 + *

#(S") = 313 n > 3

#
,
(RIP" vR12) = **

22

What doesthe cally graph g 2/2 ** looks life ?

= a
,
blaz= b2 = 17

Dose"
>
b

& T

b

... -I~
>

8....·X.
⑤

-

↳ a

↳ a
Deute group S

So Or = zey may bet preserves lablesof directions

Decgroup contains ab
,
ba : (ab1

Caley Eash g ↳/2 * 4/2 [Hatcher p . 78]

-

Groups 6. 6'
, H & homeomoptise f : H- 6

,
+ : H - 6

say 6 : Eg, , . .

., gal +, . . .

., rm) ,
6' = g , , ..., girl vi...., wai

& I has generators h
, , ..., he ten

6 * 6 = = g , . .., In , gi , .... gn' I r , .... im
,
vi , ..., ~mi , +(h , ) = f (h ,

), ...

,
+ (hy) = +'(hy =1



rose
,
6 +16' depend on+o + Que even Donah theydon't appear

-kompenIm

If
· x

,
=Uu,

Uu open,,
.
Des

# (x) = T
,
(u

, ) * T
, (4z)

T
,
(4

,n4z)

maps given by
T

,
(n

. )= T
,
(u

, n(z)-> T
, (42)

12 ,1 (42) a

-
(lecture 23)

Application of Vo Kampen to D Tons 9/12/23
-

b
C

-

-
---a -

-
-

a
I ↑

2

--
-

36

Remove a diste

b

&

-

-- - ~
T B

a
-- - ua - A - larger

~ - dist.
· o - -T ~- --

b -

I hosotope to

Ligue 8 b : -a



b
E = B

- AUB covers

AuB

& -= -a

me trus

again

- T
?

= AUB

--
An B

>

AnB -
- F H

, (A) = π
, (AnB)> π

,
(B)

-
fo f

- T ,
1071- #(s') π , (D)⑧- -

Y ↑
- - Kostope circle det

- to&

a
,
b
nib"

, 313
c loop moves to -bundes b

7

QC a* several,ne- La

b - 1

#
, (A) *, (AnB)

IT , (8) =- a
, b) +e() = + ()

T = = a
, b) a ba

+

b" = 17

arralginated -
presentation for
A toons.



Surface of Gesus 2

-D
X D = Mz Iserus]Ar

Generators a
, bz horizontalI vertical

- -

D - -
Q

bi ~

~ -
- C ,-

hell in too us

D
..

~y ~ -

&
2

3

-

----D 2

-
b ~ - 2

D
...

-
TC-2- -

C is used to

a. can sore· Eu
connect so

~ a , it
. If youT T include

,
you

c - < b
,

have two distes,
want just one !

91 az bz
a

, 2
C- 1:D-z ·

b~ C & any compo works...



b
.

"
cale fundamental group usaySas tarctic as before

a
,
n& =A

- vaz = B
A

b
,

-

&T
o z

>
b2

AnB

= free group on ~

d
4 generators

a dentseed in

&

KossotepisC O
- b

,

as

it
, (A) I , (AnB) T

, (B)

b, 9
,

6 ; : be addi + 43

- I
,
(Mz) = 1

,
( S' vs' vs' vs') * >

S13

= a
,, 92 ,

b
, ba 1 b

,
9

,
b, a

,"baazbebe : 17

mu-

(a.. b . 3 · (az
,
be] =

-
comutators

I'm: If The free group ona generators is
·

soor phie 10 De free group on in generators ,
Ron

n = 2 .

Proof : Consider F(a, . . ., 9m) Evaluate Horn/F(a , , . .

., am) , X/2x)- & &
F(a, , , . . ., an) I cordinality of this setg↑ & homomorphisms -2.

f
a ....., i- 30 , 13



# For anygrou
aa - Cu complex)

dists to a graph Sot.

#
,
(x) = G

# Every group gets aeprsentation . Use Dat


